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THE MAY MEETING IN NEW YORK 


The two hundred thirty-sixth regular meeting of the Society 
was held at Columbia University, on Saturday, May 3, 1924, 
extending through the usual morning and afternoon sessions. 
The attendance included the foilowing forty-nine members 
of the Society. 

Archibald, Babb, ©. R. Ballantine, J. P. Ballantine, Beal, Bernstein, 
W.J. Berry, Herman Betz, Borden, Bowden, Daniel Buchanan, Abraham 
Cohen, Philip Franklin, Gafafer, Gehman, Gill, Glenn, Hazeltine, Hazlett, 
E. R. Hedrick, Himwich, Huntington, Joffe, Kasner, Kline, Lamson, 
Langman, Harry Levy, Locke, Longley, MacDuffee, Meder, C. L. E. Moore, 
Northcott, Pfeiffer, Rainich, Raynor, R. G. D. Richardson, Ritt, L. B. 
Robinson, Rowe, Seely, Sosnow, Vandiver, Veblen, H. S. White, Whitte- 
more, Norbert Wiener, M. M. Young. 


No meeting of the Council was held. At a meeting of the 
Board of Trustees, the finances of the Society were reviewed. 

The three amendments to the By-Laws recommended by 
the Council at the April meeting were unanimously approved 
by theSociety. The first concerns the elimination of ephemeral 
regulations governing the business of the Society during the 
period of incorporation and the first year thereafter. The 
second permits the Council to transact business by corre- 
spondence provided there is a favorable vote of at least 
fifteen, the favorable vote to be at least three-quarters of 
the votes transmitted to the Secretary. The third introduces 
a new class of membership to be known as Sustaining 
Membership, for which the annual dues shall be not less 
than one hundred dollars. The revised By-Laws will be 
printed in full in the List of Officers and Members to be 
issued late in 1924. 

President Veblen presided at the sessions of the Society, 
relieved by Professors White, Whittemore, and C.L.E. Moore. 
At the beginning of the afternoon session, a paper was read 
by Professor J. F. Ritt, at the request of the Program 
Committee, on Rational substitutions. 
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Titles and abstracts of the papers presented at this meeting 
follow below. Mr. Kormes was introduced by Dr. Pfeiffer, 
Mr. Widder by Professor Birkhoff, and Mr. Sheffer and 
Mr. Roos by Professor Evans. The papers of Bray, Foster, 
Maria, Michal, Moore, Roos, Sheffer, Taylor, Wedderburn, 
Widder, and Wilder were read by title. 


1. Dr. Norbert Wiener: The Dirichlet problem. 


The author develops a necessary and sufficient condition 
for the solvability of the Dirichiet problem in any number 
of dimensions, and applies this criterion to the deduction 
and extension of a large number of existing criteria for the 
solvability of the Dirichlet problem. 


2. Dr. Philip Franklin: Analytic transformations of erery- 
where dense point sets. 


It is well known that any two enumerable, everywhere 
dense point sets on a straight line may be mapped on one 
another by a one to one transformation which preserves 
order. We show here that we may set up an analytic 
function, analytic in the interval covered by the first point 
set, its inverse being analytic in the interval covered by 
the second point set, which effects the mapping. Some 
extensions to point sets everywhere dense in a two-dimen- 
sional region are given. 


3. Dr. Philip Franklin: Functions with an isolated essential 
singularity. 


In this note we prove some properties of functions with an 
isolated essential singularity, derived from Picard’s theorem, 
of which the following are typical: If an entire function 
has no zeros, any function obtained from it by changing 
a finite number of coefficients in its Taylor’s expansion 
about any point has an infinite number of zeros. The 
function formed by adding a polynomial, not a constant, 
to a periodic function, not a constant, possessing no poles, 
always has an infinite number of zeros. 


4. Professor J. R. Kline: Concerning the sum of two 
bounded continua irreducible between the same pair of points. 


In the present paper, the author obtains necessary and 
sufficient conditions that two distinct bounded continua, 
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each irreducible between the same pair of points, may have 
a sum irreducible between two of its points. 


5. Mr. H. M. Gehman: On extending a continuous (1— 1) 
correspondence of two plane continuous curves to a corres- 
pondence of their planes. 


In this paper, it is proved that if two plane continuous 
curves that contain no simple closed curve are in continuous 
(1—1) correspondence in such a way that sides of ares 
are preserved under the correspondence, a continuous (1 —1) 
correspondence of their planes can be defined so that the 
correspondence of the two continuous curves is preserved. 


6. Mr. Mark Kormes: Treatise on basis sets. 


Algebraic (rational, linear) fields are defined, and their 
properties discussed. By the use of these fields, a definition 
of algebraic (linear) basis sets is given. This definition in- 
cludes the definitions of Hamel, Zermelo, and E. Noether 
as special cases. The following theorems are proved: There 
exist algebraic (linear) basis sets for each set M. The 
basis set of a non-denumerable set M/ has the same potency 
as the set M, and there exist 2% different basis sets of M, 
if Nu is the potency of M@. There exist basis sets that are 
measurable in Lebesgue’s sense, but they have the measure 
zero. There exist also basis sets that are not measurable (Z). 
A theorem of Sierpinski is generalized: Every algebraic 
basis set of the continuum is non-measurable in Borel’s 
sense. The basis sets of a linear space are considered. 
It is shown, in consequence of a general theorem, that the 
linear basis set of all continuous functions has the potency 
of the continuum. New sets S” are defined and considered 
as to their potency and measurability properties. Anexample 
of a perfect set which is a basis set is given. 


7. Professor O.E.Glenn: Differential combinants. Prelimi- 
nary report. 

The subject of this paper is the algorisms and fundamental 
theorems of a complete theory of differential combinants 
and associated forms. Combinants of forms - 
are found to be functions of determinants of order » of a 
matrix whose elements are derivatives of the coefficients 
of the forms. A translation principle leading to ternary 
parameters is explained. 
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8. Professor H. S. White: A set of invariants connected 
with seven points on a gauche cubic. 


While 7 points on one gauche cubic curve arg known 
to determine 7 osculating planes of a second, the algebraic 
nature of the discovery of the parameters of those 7 planes 
has not been known in detail. In this paper it is shown 
that this work leads inevitably to a system of 28 relations, 
of similar form in the two sets of parameters, ‘nvariant 
under the well known group of order 168. These 28 re- 
lations are equivalent to 4, and are solvable rationally 
for either set of parameters, except for the 3 residual 
arbitraries inherent in a collineation. 


9. Professor R. L. Moore: A characterization of a con- 
tinuous curve. 


If 4A and B& are points belonging to a connected point 
set VM, a point set K is said to separate A from B in M 
if K is a proper subset of 1 and M—K is the sum of 
two mutually separated point sets which contain A and B 
respectively. It is shown that in order that a plane con- 
tinuum .V shall be a continuous curve it is necessary and 
sufficient that, for every two points 4 and B that belong 
to M, there exist a finite number of continua whose sum 
separates A from B in M. In order that a bounded plane 
continuum M shall be a continuous curve which neither 
contains a domain nor separates the plane, it is necessary 
and sufficient that, for every two distinct points A and B 
which belong to M, there exist a point which separates A 
from in WM. 


10. Dr. R. L. Wilder: A theorem on continua. 


In the above paper by Professor Moore, the following 
property of continuous curves is established: Of two con- 
centric circles, C,; and Cs, let C, be the smaller. Denote 
by H the point set which is the sum of C, and Cy, and 
the annular domain bounded by C, and C3. Let M be 
a continuous curve which contains a point A interior to 
(, and a point B exterior to C,. If N is any connected 
subset of M containing A and B, N will contain at least 
one point of some continuum which is a subset of M/ and H, 
and which has at least one point in common with each 
of the circles (, and C,. It is shown in the present paper that 
this is a property of any closed and connected point set M. 
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11. Mr. D. V. Widder: A general mean-value theorem. 

This paper deals with the following problem. Given a linear 
differential expression, L[z(x)], of order », the coefficients 
being continuous in an interval (a,b). Under what conditions 
will 2-+1 conditions on the zeros of a function f(x) and 
of its derivatives, (2) = 0 Pa sre 
the change of sign of L[u(x)] in (a, b)? A necessary and 
sufficient condition is obtained. Special cases of the problem 
have been treated by G. D. Birkhoff and by G. Pélya. The 
present paper establishes connections with their results. 


12. Mr. A. D. Michal: Jntegro-differential invariants of 
one-parameter groups of projective transformations of function 
space. Preliminary report. 

In this paper the author studies functionals of a function 
y and its derivatives admitting a given arbitrary one- 
parameter group of projective functional transformations 

defined by dy(x) = y(x) +{ oH (x, s)y(s)ds|da. In particu- 
lar, it is shown that a necessary and sufficient condition that 

1 1 
an “analytic” functional F ly, 7] | admit this group of func- 
tional transformations is that it satisfy a certain completely 
integrable equation in partial functional derivatives (ef. an 
article by the author in a forthcoming issue of the ANNALS 
OF MATHEMATICS). The expansion of the solution of this 
equation is obtained. The above discussion assumes «(,) 
and H(z,s) to be such as to insure the non-vanishing of 
a certain Fredholm determinant. The author also considers 
the invariants when the above general method breaks down. 


13. Mr. J. M. Sheffer: Systems of equations in an infinite 
number of unknowns whose solutions involve an arbitrary 
parameter. 

The author considers equations of the form 


= (¢ = 1,2, ---), 
which are not of a canonical type, and imposes sufficient 
conditions that the equations have a solution. He finds a set 
of solutions depending on an arbitrary parameter appearing 
in. the general solution of incidental difference equations. 
The system is characterized by the hypothesis that the limit 
of 4; with 7 infinite is not zero. 
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14. Mr. C. F. Roos: Mathematical theory of competition. 


The author considers a question in economic dynamics 
by applying the postulates of competition to the formula 
for total profit over an interval of time. The question, 
unlike the case of monopoly, does not reduce to a straight 
problem in the calculus of variations. Moreover it is re- 
lated to the theory of integral equations and their application 
to phenomena of hysteresis. 


15. Dr. J. S. Taylor: The theory of testimony. Second 
paper: n witnesses. 

In another paper (JOURNAL OF MATHEMATICS AND PHYSICS, 
vol. 3, No. 3) the author presented certain theorems concern- 
ing the probability of the occurrence of an event when it is 
attested to by a single witness. In the present paper the 
investigation is extended to the case of n witnesses, with 
special attention to the case of two witnesses, the tradi- 
tional treatment of which has been severely criticised by J.M. 
Keynes. Methods are discussed of determining approxim- 
ately both the “credibility” and the “personal accuracy” of 
an observer by means of the testimonies of x observers. 

16. Professor J. F. Ritt: Rational substitutions. 

This address dealt with the work performed during the 
last few years by Julia, Fatou, and the author on the 
iteration of rational functions and on related problems. 

17. Professor J. F. Ritt: Analytic functions and periodicity. 

This paper appeared in full in the October number of 
this BULLETIN. 

18. Mr. G. Y. Rainich: The curvature of space-time, the 
electromagnetic tensor, and radiation. 

In an earlier paper (PROCEEDINGS OF THE NATIONAL ACADEMY, 
April, 1924) the author found that the presence of the 
electromagnetic field imposes on the contracted curvature 
tensor Fi; certain conditions which he gave in geometric 
form; in the present paper these conditions are given ana- 
lytically as follows: Fea = 0, Foi Fo; = 6j@* and qije,o = 0 
with Qijk ° = Foij Fox + Foj,x Foi Fok, i F'g;. These 
conditions being satisfied, the curvature tensor determines 
the electromagnetic tensor as soon as the value of a certain 
scalar quantity is given at one point. This quantity plays 
in the simplest case the role of the phase of radiation. 


| 
| 
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19. Dr. Maleolm Foster: Note on a special congruence. 


This paper appears in full in the present number of this 
BULLETIN. 


20. Mr. Harry Levy: Rice's coefficients of rotation. 
This paper will appear in full in an early number of 
this BULLETIN. 


21. Professor Edward Kasner: The addition of quadratic 
differential forms. 

In this paper the author considers quadratic differential 
forms in » variables which can be regarded as the sum of 
two or more forms in separated variables. For example, 
if » — 4, the possible types of separation are (1, 1, 1, 1), 
(1, 1, 2), (1, 3), and (2, 2). In special cases, the given form 
may belong to more than one type, so that the problem of 
overlapping types must be studied. The type (1, 1, 1, 1) of 
course defines flat space. It is proved that if the Einstein 
equations are to be satisfied the only separated type possible 
is (2, 2), and then the result is the sum of two binary forms 
representing equal spheres. The immersing of separated 
spaces in higher flat spaces is also studied. 


22. Professor Edward Kasner: Einstein solutions in space 
of seven dimensions. 

In his second paper, the author considers the summation 
of forms involving common independent variables. This is 
applied to the decompositions of solutions of the cosmological 
field equations whose coefficients are functions of a single 
variable, say .,. These may be broken up into the sum 
of three binary forms belonging to three surfaces of revolu- 
tion. The final four-dimensional manifold may then be con- 
structed synthetically and immersed in a seven-flat. The 
rotating curves involve abelian integrals. 


23. Professor J. H. M. Wedderburn: Algebras which do 
not possess « finite basis. 

In the classification of algebras which do not necessarily 
possess a finite basis difficulties arise which are not found 
in the corresponding theory when a finite basis is present. 
In this paper no basis is assumed to exist, but it is found 
that the principal results of the ordinary theory can be 
deduced with the aid of some simple assumptions regarding 
idempotent elements. Several examples are given. 
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24. Professor J. H. M. Wedderburn: A theorem on simple 
algebras. 

This paper will appear in full in an early ‘number of 
this BULLETIN. 


25. Dr. H. E. Bray: Green's formula. 

In this paper a new proof of Green’s formula, f f 6Q/bx)dxdy 

fe @dy, is given, where the boundary is a rectifiable 
closed curve without multiple point and the quantities in 
the two members are respectively Lebesgue and Stieltjes 
integrals. The theorem is briefly proved in the case where Q 
is continuous in (7,y) and absolutely continuous in x for 
every y. Next the condition that Q be continuous is removed; 
@ is assumed to be bounded and equal to the symmetric 
superficial derivative of its own Lebesgue integral, and the 
line integral is treated as a Lebesgue-Stieltjes integral. 
Finally the Stieltjes potential function fjelog a r) df(e) is 
discussed, and the equation 


| | | dfle) = | ay | | log (1/7) dfie) 
JS JE r JC 


is shown to be valid for nearly every position into which 
the curve ( may be brought be translation. 


26. Mr. A. J. Maria: Functions of plurisegments. 

In the present paper the analysis of Vitali (RENDICONTI 
DI PALERMO, vol. 46 (1922), p. 388) is applied to the two- 
dimensional case of functions of plurisegments. To determine 
the structure of functions of limited variation of this type 
we associate with every such function an additive function, 
called a discard. This function measures the quantity by 
which the function falls short of being absolutely continuous 
when there are no point values. It is shown that the pro- 
perty which characterizes a discard is that the discard 
coincides with its own discard. The theorem is proved that 
every such function can be decomposed into the sum of a 
function of point values, an absolutely continuous function, 
and a finite sum or infinite series, each term of which is 
an elementary discard multiplied by a constant. 


R. G. D. RICHARDSON, 
Secretary. 
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ON SIMPLE GROUPS OF LOW ORDER* 
BY F. N. COLE 


1. Introduction. The known simple groups of composite 
order were tabulated by Dickson.+ All the groups there 
enumerated as far as order 7920 belong to well known 
infinite systems. The exhaustive determination of the orders 
of simple groups was carried by Sicelofff and his pre- 
decessors as far as order 3640. Recently G. A. Miller§ 
has shown that there is only one type of simple group of 
order 2520, and it is easily proved that no other order 
below 5616 affords more than a single type of simple group. 

In what follows, the exhaustive enumeration of orders is 
carried as far as 6232. The only orders found are those 
of Dickson’s table, viz., 4080, 5616, 6048, 6072. There is 
only one simple group of each of the orders 4080 and 6072; 
whether there is more than one in the other two cases 
remains to be decided. 

Elementary considerations exclude all orders but the 
following: 

3648 4080 5472 6048 
3744 4320 5616 6072 
4032 5040 5760 


A bare epitome of the reduction process is here given,— 
just sufficient to enable the reader to retrace the essential 
steps. Primitive substitution groups are completely known 
up to degree 20; an unknown simple group cannot have 
a set of less than 21 conjugate subgroups. In the text 
the letters G, H, J, s represent entire group, subgroup, in- 
variant subgroup and element. 


* Presented to the Society, October 25, 1924. 

j See this BuLierrn, vol. 5, p. 474; and Linear Groups, p. 309. 
} AMERICAN JOURNAL, vol. 34, p. 361. 

§ See this Bri.etin, vol. 28, p. 98. 
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2. Order 3648 = 64-3-19. In a simple group of this 
order the 96 Hs, would supply 1728 s,5 and 456s,. The 
group has then 2432 elements whose orders divide 19-64, and 
only 247 whose orders divide 64 remain to be located. But each 
of the 456 s, above is invariant in an Hg, of type (1 1 1) and 
containing 4 of the s.. Each H,, contains 2 of these Hs; 
they generate an H,, which has another Hs with 2 cyclical 
H;, whose common Hg is invariant in Hg, and has 57 con- 
jugates in the whole group; the 114 conjugate H, supply 
57-5 = 285 elements where only 247 were permissible. 


3. Order 3744 = 32-9-13. The 144 Hz, supply 1728 5; 
and 468, 234 or 156s,. The Hg. are non-abelian. There 
is not room for 208 independent H,; an Hs occurs in 4 Hy 
and is invariant in an As.¢, Hs or Hygy. The first of these 
cases is quickly rejected. In the second the invariant Hs 
of the H;, might have 1 or 13 conjugates in the H;., but 
the latter choice would result in the entire group having 
only 105 elements whose orders divide 9; there are 208 Hy 
and each has 3H; common with other Hy and 1 Hy; not 
in any other H,; the total number of elements of order 3 is 
then 728, and the number of order 6 is at least 3-52-6 = 936. 
The H;, has an invariant H,; this has conjugates in the 
H;2, which is found to have 9 dihedral Hg containing 21 s. 
conjugate in the entire group and each common to 3 cy- 
clical H,; these supply 147s, and s,. These se are not 
those of the Hz,; there must be at least 156 of the latter, 
but this would lead to at least 312 new s, and a total in 
excess of the order of G. 

Hence an H; common to two HA, is invariant in an Ay4, 
and (@ is expressible in 26 letters. There are 52 Hy and 
each has in 21 letters and 2 H; in 24 letters. The 
Hy, 4, has transitive sets of 9 + 12 + 4 letters; the construction 
does not succeed, there is no simple group of order 3744. 


4. Order 4032 = 64-9-7. A simple group of this order 
would be expressible in 21 letters, but not in 64 letters. 
There are 288 H-. An H, common to two H, is common 
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to four H, and is invariant in an Hoe, Hz. or Ay4s, all of 
which cases are successively rejected. There are then 
28 independent, non-cyclical Hy, and their 112 H; are all 
conjugate. In the expression of @ in 28 letters the Ais 
that leaves one letter fixed has a transitive set of 9 letters; 
it is one-to-one isomorphic with the unique (doubly) transitive 
Hiya, in 9 letters; it has 36 s, in 26 letters, 54 s, in 24 letters, 
21 s. in 24 letters, 8s, and 24 s, each in 27 letters. All 
but 378 elements of G are now located. 

When G is expressed in 21 letters, each Ajo. in 20 letters 
contains 16 H;, each in 18 letters, giving 32s, and 32 5; 
there are 3 Hg,, and the 20 letters divide into transitive 
sets of 8-+12. The Aye has an invariant J, leaving 
9 letters fixed and having 9 conjugates in its J,., whose 
elements other than identity are all of order 2. The con- 
struction fails; there is no simple group of order 4032. 


5. Order 4080 = 16-3-5-17. There are 120 H3,. sup- 
plying 1920s,; and 255 or 510s. If there are 51 Ayo, 
each of them has 5 Aj,; there are 85 or 340 H3, each 
with a train of s,; the case does not succeed. There are 
therefore 136 Hz); their H,;, furnish 136-14 = 1904 ele- 
ments; the group has exactly 255 s, which make up 17 
independent H,,. The only simple group of order 4080 
is the well known LF(2, 2%). 


6. Order 4320 — 32-27-5. Here there must be an Hy 
invariant in an Ayos with 4 A; and 9 A, each invariant 
in an Ayes of the Hyos. This Aye has a single H, whose 
S are conjugate; the 9 H, are independent, the elements 
of the Ajo, are all accounted for and they do not include 
any s;. The construction does not succeed, there is no 
simple group of this order. 


7. Order 5040 = 16-9-5-7. The 120 Hy are of the 
seven-letter type. There are 126 Hy, each with 5 Hg with 
invariant J,. The case where J; has 21 conjugates in ( 
does not work through; J, has 126 conjugates and each 
Hy contains 6 or 26 of them and in fact just 6 of them. 
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The Hy, of the Hy are of type (21) or (111), and each 
of them contains just one s. of the Hy, above. The number 
of these s. in the entire group is 105; each is invariant 
in an A, containing 6 of the J, above and 3 of the Hs 
above. A detailed study of the H,, shows that a simple 
group of order 5040 cannot be fitted together. 

8. Order 5472 = 32-9-19. The 96 non-cyelical H;; 
contain 16-19 or 32-19 A different H, is common 
to 4 H, and invariant in an H;,; the group being expressed 
in 76 letters, the invariant H, of the H;. affects 75 letters, 
there are in all 304 .H,, each has a second H; common 
to 4H, and affecting 72 letters; the remaining H; affect 
75 letters. The H-;. has an invariant /,, with conjugates 
in H;s; hence its H, are dihedral or of type (111). and 
it turns out that there are 3 of them and their type is 
(111). An ss, of their common J, must have just 12 con- 
jugates in H-;s, but this proves impracticable and there 
is no simple group of order 5472. 

9. Order 5760 = 128-9-5. Here an Ho is common to 
3 H,, and invariant in an Hjy2; & is expressible in 30 letters. 
The 576 non-cyclic Hy supply 2304s;. There are 640, 
160 or 40 Hy; in any case an Hz is common to 4 Hy and 
invariant in an H;>s or H,4;. The H;. must have 3 Hg, dihedral 
or (111), neither case works through. The group is then 
expressible in 40 letters; its H; are not all conjugate, this case 
fails on comparing with the expression in 30 letters. The Hy44 
in 39 letters must have an invariant H; in 39 letters, 4 con- 
jugate H; in 36 letters, and a residue of 8 H; in 39 letters. 
Its transitive systems are 9+ 12+ 18 or 9+12+9-49. 
An examination of the transitive set of 12 letters discloses 
the impossibility of a simple group of this order. 

10. Order 6072 — 8-3-11-23. The 24 Hy; furnish 
276 H;, each invariant in a non-cyclical Hey whose s, 
affect 24 letters. Only one construction is possible; there 
is only one type of simple group of this order. 


Co_tumBIA UNIVERSITY 
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COMPLETE CLASS NUMBER EXPANSIONS 
FOR CERTAIN ELLIPTIC THETA CONSTANTS 
OF THE THIRD DEGREE* 


BY E. T. BELL 


1. Introduction and Summary. The expansions of the 
nine possible theta constants of the third degree in which 
the parameter of each theta is q, 

are of fundamental importance for the arithmetic of class 
number relations. Two of these. (6), (7) below, have not 
previously been stated. The expansions of this pair depend 
upon those of the remaining seven and upon some additional 
facts concerning representations in a certain ternary qua- 
dratic form. The present paper therefore contains the 
complete set of expansions. 

In a recent note+ the author has shown that the class- 
ical series of Kronecker and Hermite, in which all sum- 
mations are with respect to n — 0 to o, 


= 4 °F (4n+2), 

are immediate consequences of the algebraic equivalent 
(2) = 12.>q"E(n), E(n) = 

of the theorem of Gauss on representations as sums of 


three squares. 
It was remarked also that their series 


(3) Hq’) = F(8n+3) 


is also implied by another result due to Gauss. In the 
foregoing, F(n), F,(n) denote, respectively, the numbers of 


(1) 


* Presented to the Society, April 5, 1924. 
+ This BuLiettny, vol. 30, p. 236. 
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odd, even classes, with all the usual conventions, of binary 
quadratic forms of negative determinant —n, so that 
E(O) = 1/12. 
From (1) on replacing q by Va. changing gq into —q 
in the result, and then replacing gq by q*, we get 
= 420g" 1" F (4n +1), 
= 4.209" 2), 


and from (2) by changing the sign of q, 


(4) 


There thus remain to be expanded only FoF and FoIs. 
These expansions are of equal importance with the rest. 
For example, the series for these two constants are needed 
more frequently than those for any of the others when we 
attempt to elicit from Jacobi’s theta formula (or from the 
three-term equations of Weierstrass, Kronecker, or Briot 
and Bouquet) the numerous class number relations contain- 
ing arbitrary odd or even functions which such formulas 
imply. The expansions do not seem to have been obtained 
hitherto. We shall show that 
(6) (—1)"+ {1-+(—1)"} cos n 


{1—(—1)"} sin » E(n). 


and therefore. on changing q into —q and at the same time 

indicating the corresponding alternative form for (6), we have 

The structure of the coefficient C(n) of g” in (6) may 

be noted. It is readily seen that 

(8.1) C(4n) 12E(4n) 

(8.2) Cl4n-+1) = 1) 4F(4n + 1), 

(8.3) C(4n+ 2) —4E(4n-+ 2) = —4F(4n-+ 2), 

(8.4) C(&8&n+ 3) = —12E(8n+ 3) = —8F(8n- 3), 


(8.5) + 7) —12E(8n+ 7) = 0, 
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the third members of which follow from the well known 
elementary reduction formulas for E(n). 

To check (6), (7) we shall write down for »>0O an 
interesting consequence of (6), 
(9) 2(—1)"e(n) + 48(n) + 8 >(— — a) = C(n), 
in which é(2) 1 or O according as » is or is not the 
square of a positive integer, &(m) — the excess of the 
number of divisors of 2 that are == 1 mod 4 over the number 
of those = —1 mod 4, and the summation refers to all 
a = 1,2,3,.... such that n—a?>0O. I have verified 
(9) numerically, hence checking (6), (7). 


2. Expansion of Iot3. Write N(n =f) for the number 
of representations of the integer n > 0 in the form f. Then 
(10) N(n 4ni + ns) 

—N(n = 
in which 7,, 7%,” are integers =0, and m, = O is an odd 
integer. From (1), (2) we have 
N(4n + 1 = m? + 4n? + 4n?) = 4F(4n+ 1) = 4E(4n-+ 1), 
N(4n + 2 = mi+ 4n3) = 4F(4n-+ 2) = 4E(4n-+ 2), 


N(4n+3 = m?+ m3+ m3) = 12E(8n + 3), 


and we transcribe from a former paper,* 
N(4n 4n? +n? + n2) = 12E(n) = 12E (An), 


N(4n-+ 1 = 4n? + + = 8F(4n +1) = 8E(4n-+ J), 


N(4n + 2 = 4n?+ n3 + n3) = 4F(4n+ 2) = 4E(4n + 2), 

N(4n +3 = 4n?+n3 + n2) = 0. 

From these and (10), since in (10) either of nz, mz may be 

odd or even, it follows on referring to (8.1)-(8.5) that 
nk = 


which is equivalent to (6). 


* AMERICAN MATHEMATICAL MontTHLY, vol. 21 (1924), p. 126. 
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The relation (9) follows by comparing (6) with the identity 


a—1 n—l1 


the second factor on the right being the algebraic expression 
of the well known theorem which gives the number of 
representations of m as a sum of two integer squares. 


THe UNIVERSITY OF WASHINGTON 


NOTE ON A SPECIAL CONGRUENCE* 
BY MALCOLM FOSTER 

1. Introduction. Let S be any surface referred to its 
lines of curvature. With every point MW of S we associate 
the trihedral of the surface, taking the z-axis of the trihedral 
tangent to the curve v= const. We consider the congruence 
of lines / parallel to the z-axis, the normal to S, which pierce 
the xy-plane at the point (&, 4,, 0).+ The equations of / are 
x y— and the coordinates of any point on/ are 
{1) r=& y=rn, 2 t, 
where ¢ is the distance on / measured from the point (&, 7;, 0). 


2. Condition for a Normal Congruence. If there be a sur- 
face normal to the congruence we must have 


(2) 6z = dz+ pyydv—qadu = 0,7 
for all values of % Using (1) equation (2) becomes 
ai 
{3) du + dv + de — gédu O; 
hence 
at 
(4) Du 0, + 41 0. 


* Presented to the Society, May 3, 1924. 

7 The notation used in this paper is the same as in Eisenhart’s 
Differential Geometry of Curves and Surfaces; see pp. 166-176. 
Eisenhart, p. 170. 
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The condition of integrability is 


Ov du 


Hence from (4) we must have 


which reduces to* + = 0. This 
may be written in the form 
(5) (qm +n) = 0. 
Conversely, when (5) is satisfied, the function ¢ as given 
by (4) satisfies (3), and hence there exists a single infinity 
of parallel surfaces normal to the lines 7. If gy, —p.& = 0, 
the surface S is minimal.t Hence we have the following 
theorem. 
THEOREM |. A necessary and sufficient condition that the 


congruence of lines | be normal is that S be a minimal 
surface, or else that r+r, = 0. 


3. Equation of the Curves defining the Developables. As M, 
the vertex of the trihedral, is displaced along some curve C 
on S the locus of / is a ruled surface of the congruence; 
we seek the equation of the curves C for which the locus 
of / is developable. For / to generate a developable sur- 
face the displacement of some point on 7 must be in the 
direction of the line; hence for that point 


(6) dx = dy = 0. 
By means of (1), equations (6) take the forms? 
| du— yy rdv + Edu + (rdu+ r,dv) = 0, 
7) 
On 
Er,du+—! dv + mdv—-tpdv + &(rdu + r,dv) 
Ov L 


The elimination of ¢ between these two equations gives 


* Eisenhart, p. 168, formulas (48), and p. 170, formulas (55). 
+ Eisenhart, p. 174, formulas (73). 
t Eisenhart, p. 170. 
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the following equation of the curves on S defining the 
developable surfaces of the congruence: 


(8) g&r+r yan +[p 
ds ou 


The elimination of the ratio a between equations (7) gives 
the following equation for the distances along 7 to the 
focal points: 


En) = 0. 


The condition that equation (8) define an orthogonal 

system is * 
+r) = 0, 

which may be written 
(10) (qa. +n) = 0, 
since £, 4, + 0. Since (10) is identical with (5) we have 
the following theorem. 

THEOREM II. Jf the congruence of lines 1 be normal the 
developables are represented on S by an orthogonal system. 

We note from (8) that if the congruence be normal by 
virtue of the relation r+7; 0 the curves defining the 
developables are the lines of curvature. 


4, Asymptotic Lines on the Normal Surfaces. Let C' be 
any curve on S through MW, the vertex of the trihedral, 
and let 7 and 7, be the lines of the congruence corre- 
sponding to M and M,, a neighboring point on (. As MM, 
approaches M along C the foot on / of the common per- 
pendicular to 7 and /, approaches a certain limiting position 
called the central point of the generator 7. The locus of 
the central points is the line of striction of the ruled surface 


* Eisenhart, p. 80. 


— 


1924.] A SPECIAL CONGRUENCE 499 


defined by C. We wish to determine the distance along / 
to the line of striction of this ruled surface. 

To this end we consider a second trihedral 7)* with 
vertex at some fixed point in space, whose 2o-, yo-, and 
Zo-axes are in every position parallel to the z-, y-, and 
z-axes of the moving trihedral. Relative to the trihedral 
T, the coordinates of the point on the unit sphere cor- 
responding to / are (0,0, 1). As the vertex of the moving 
trihedral is displaced along C the absolute displacements 
of the point (0, 0, 1) in the directions of the axes of the 
trihedral 7) will be the variations experienced by the 
direction-cosines of /. If these variations are denoted by 
da, 68, dy, we havet da — qdu, 68 — —p,dv, dy = 0, 
since for the motion of the trihedral 7, the translations § 
and 7, are zero. The direction-cosines of /, relative to the 
trihedral at M are therefore qdu, —p,dv, 1. The displace- 
ment of the central point on/ must be orthogonal to both 
l and /,. Hence for that point we must have dz — 0, 
qdudx— p,dvdy + dz = 0. Combining these equations we 
get qdudx—p,dvdy = 0, which becomes 


— 


qdu | du— yyrdv + qtdu—yyrdu— nnide| 
This may be written in the form 
(ll) q + &+qt— du? — (qq, + + 1) dudv 
0 

+m + tr dv? = 0. 
When the value of dv/du which determines the curve C is put 
in this equation we have an equation in ¢ which determines 


the distance along 7 to the line of striction of the ruled 
surface defined by C. Conversely, given ¢ a function of u 


* Eisenhart, p. 168. 
+ Eisenhart, p. 170. 
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and v, the equation (11) determines two curves on S, though 
not necessarily real, which define two ruled surfaces of the 
congruence for which ¢ is the distance to their lines of 
striction. 

We suppose that the congruence is normal by virtue of 
the relation y+ 7, = 0. Hence equation (11) is of the form 


L(u, v)du® — M(u, v) de? = 0, 


and consequently represents a system of curves symmetri- 
cally placed relative to the lines of curvature. Now the 
normals to a surface along the asymptotic lines form ruled 
surfaces for which the asymptotic lines are the lines of 
striction.* Hence we have the following theorem. 
THEOREM II]. If the congruence of lines l be normal by virtue 
of the relation + +1, = 0, the curves on S which represent 
the asymptotic lines on the normal surfaces form a system 
which is symmetrically placed relative to the lines of curvature. 
5. Minimal Surfaces. We now suppose that Sis a minimal 
surface with the parameters of the lines of curvature so 
chosen that the linear element of the surface has the form? 


(12) ds? = o(du® + dv’®), 


where @ is the absolute value of each principal radius. 
Hence we havet 


VE Vo 
D” 1 
Vo 
(13) 
60 
VE du 20 


* Eisenhart, p. 268, Ex. 14. 
7 Eisenhart, p. 253. 
Eisenhart, p. 174. 
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When the values of &, 4;, g, ~1, 7,71, aS given in (13) are 
substituted in (9), it is readily seen that the coefficient 
of ¢ vanishes. Hence we have the following theorem. 

THEOREM IV. Jf S be a minimal surface with the para- 
meters of the lines of curvature so chosen that the linear 
element has the form (12), the congruence of lines l is normal 
and has for its middle envelope the given minimal surface. 

The minimal surface S is therefore the mean evolute of 
each of the normal surfaces. 


6. Envelope of a Two-Parameter Family of Surfaces. Let 
S be any surface referred to any parametric system. With 
every point M of S we associate the trihedral of the surface, 
giving the «x-axis its most general orientation relative to 
the curve v = const. Let 


(14) Fix, y, 2, u,v) = 0 
be the equation relative to the trihedral at M of some 
surface >’. We consider the envelope of such a two-para- 


meter family of surfaces. 
The characteristic is defined by (14) and the equations 


OF dx , 6F dy , OF dz , OF 

du oy du dz du ou 
| oF de OF dy OF de, OF 
dv Oy du 02 dv 


Since the characteristic is fixed in space, we must have 


Ox = dr+&dut &,dv + (qdu + qudv)z—(rdu + r,dv)y = 0, 
Oy = dyt+ydut (rdut pydv)z = 0, 


= dz + (pdut+ = 0, 
dv 
for all values of ---. Hence 
du 


16) 
| dy dy dz 
( 


502 MALCOLM FOSTER [ Nov.-Dec., 
By (16), equations (15) become 

oF 

V¥— — 8) + n) 


7 


oF 


(17) 
oF oF 
— §,)+ ay 112 — 4) 
oF oF 
+- py) + av = 0. 


The coordinates (uv, y, z,) of the characteristic are therefore 
given by equations (14) and (17). 

7. Applications. As an application, consider the envelope 
of certain two-parameter families of planes. We choose S 
as any surface referred to its lines of curvature, and choose 
the x-axis of the trihedral tangent to the curve v = const. 
Consider the two two-parameter families of planes 


(18) 
and 
(19) — 
For the family of planes (18), equations (17) become 
(20) ry = 0, nytnr = 0. 
a 


Hence solving equations (18) and (20) the coordinates of 
the characteristic of the planes (18) are 
qi 
For the family of planes (19), equations (17) become 
— 9, 
ov 
The solution of equations (19) and (22) gives the following 
for the coordinates of the characteristic of the planes (19): 


(22) &r, 0, 
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Let us now assume the relation 
(24) r-+r, = 0. 


Then, from (21) and (23), we have 


ou ov 
q 


Hence when the relation (24) holds, the characteristics of 
both families of planes lie on the line 7. Moreover, when 
the relation (24) holds the roots of equation (9) are 


an 
(26) i = 
q 


Hence, since 7, and ¢, are identical with z, and z, in (25) 
we have the following theorem. 

THEOREM V. Jf S be a surface referred to its lines of 
curvature for which the relation r+ 1; == 0 holds, the enve- 
lopes of the two families of planes x=—&€& and y= are 
the two focal shects of the normal congruence of lines 1. 

The planes (18) and (19) are therefore the focal planes 
of the congruence. From (8), the curves defining the deve- 
lopables are the lines of curvature. Hence from (7), 


0& 
ou 
t t; 
q 
for « = const., and 
ON, 
+ 
t te — —— 


for const. Consequently the planes and y — 4, 
envelope the focal sheets determined by the developables 
=const. and “= const., respectively. 


YALE UNIVERSITY 
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CONCERNING RELATIVELY UNIFORM 
CONVERGENCE* 
BY R. L. MOORE 


According to E. H. Moore, a sequence of functions f,(p), 
Se(p), fs(p), ---, defined on a range K, is said to converge, 
to a function /(p), relatively uniformly with respect to the 
seale function sp) if, for every positive number e, there 
exists a positive number 6, such that if n> 6, then, for 
every p which belongs to K, | fn(p)—/f(p)| <e| s(p)|7. 

In this note I will establish the following theorem. 

THEOREM. Jf S is a convergent sequence of measurable 
Sunctions f(x), fala), --- defined on a measurable point set 
E and S converges for each x belonging to E, then E contaims 
a subset Ey of measure zero such that the sequence S converges 
relatively uniformly for all values of x on the range E—Ep. 

Proor. Suppose that S converges on E to the limit 
function f(a). By a theorem due to Egoroffi, EF contains 
a subset #, of measure less than 1 such that S converges 
to f(x) uniformly on H—F,. Similarly F£, contains a 
subset FE, of measure less than 1/2 such that S converges 
to f(x) uniformly on £,—£,. Continue this process thus 
obtaining a sequence of point sets E,, Ey, Ey, --- such 
that, for each n, (1) the measure of /,, is less than 1/n, 
(2) Ey,+1 is a subset of F,, (3) S converges uniformly on 
E,—En-1. Let Ey denote the set of points common to 
the sets Es, Ey,---. The set is either vacuous 
or of measure 0. Furthermore 

Since S converges uniformly on each point set of the 

countable collection ki, ---, it 


* Presented to the Society, April 14, 1922. 

7 See E.H. Moore, Introduction to a Form of General Analysis, The 
New Haven Mathematical Colloquium (Yale University Press, New 
Haven, 1910). 

Comptes Renpvus, Jan. 30, 1911. 
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follows, by a theorem due to E. W. Chittenden, that* S 
converges relatively uniformly on the sum of all the point 
sets of this collection. But this sum is E— &). 


THE UNIVERSITY OF TEXAS 


THE THEORY OF CLOSURE OF TCHEBYCHEFF 
POLYNOMIALS FOR AN INFINITE INTERVAL? 


BY J. A. SHOHAT (J. CHOKHATE) 


1. The Theorem of Closure. Suppose we have a function 
p(x), not negative in a given interval (a, b), for which all 
the integrals 


P(x)a"dz, 4, 2,---) 
a 


exist. It is well known that we can form a normal and 
orthogonai system of polynomials 


= +---, an >O, (n=—0,1,2.---), 


uniquely determined by means of the relations 


0, m nN, 


We call these polynomials Tchebycheff polynomials corres- 
ponding to the interval (a, b) with the characteristic function 
p(x). The simplest example is given by Legendre poly- 
nomials, corresponding to the interval (—1, +1) with 
pax) 

The most important application of Tchebycheff poly- 


Junctions, TRANSACTIONS OF THIS Society, vol. 15 (1914), pp. 197-201. 
As Chittenden observes, this is an extension of a theorem given by 
E. H. Moore on page 87 of his Introduction to a Form of General 
Analysis, loc. cit. 

7 Presented to the Society, December 29, 1923. 


nomials is their use in the development of functions into 
* E. W. Chittenden, Relatively uniform convergence of sequences of 
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a series of polynomials whose coefficients are easily ob- 
tained as in Fourier series. Thus we have for every 
function, for which the integrals 


exist, the formal development into a series 


(1) y,(x), A, = pa) f (ay, (x)de. 


For the case of a finite interval (a, b) there always exists 
the following remarkable equation, which is called the 
closure equation: 


0 


for every function f(x), for which the integral in the left- 
hand member exists, even if the development (1) diverges. 
The existence of (2) was proved by W. Stekloff.* He 
showed also the great importance of the “closure equation” 
in the general theory of Tchebycheff polynomials, in 
particular for investigating the convergence of the series (1). 
These results suggest that it might be of interest to in- 
vestigate the case of an infinite interval. 
Stekloff? considered only two special cases involving in- 
finite intervals: 
(a) polynomials of Laguerre-Tchebycheff 
(a = 0,b = ~; p(x) e | B>0); 
(b) polynomials of Laplace-Hermite-Tchebycheff 
(a p(x) 


* W. Stekloff, Sur la théorie de fermeture des systémes des fonctions 
orthogonales ..., MEMOIRES DE 1’ ACADEMIE DES ScrencEs, Petrograd, 
(7). vol. 30 (1911). 

+ W. Stekloff, Théoréme de fermeture pour les polynomes de Laplace- 
Hermite-Tchebycheff, BULLETIN DE L’ACADEMIE DEs ScrEeNcEs, Petro- 
grad, 1916, pp. 403-16. 

Théoréme de fermeture pour les polynomes de Tchebycheff- 
Laguerre, ibid., 1916, pp. 633-42. 
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He proved that the closure equation holds in those cases. 
I have investigated the general case of an infinite interval 
(a, ©). The results obtained can be formulated in the 
following theorem. 


The closure equation holds if, for x suffi- 


° 


THEOREM. 1°. 
ciently large, 


with k>0O and with fora =0, 2>1 fora=—a; 
2°. The closure equation is not true in general, if 

pla) ai" 
with k>0O and with fora =0, 4<1 fora=—o. 


The assertion (1°) contains the two cases considered by 
Stekloff. The proof of the first part (1°) of the above 
statement is based on the paper Theory of functions devi- 
ating the least from zero in an infinite interval, developed 
by myself in 1921.* The principal results obtained there 
are as follows. 

Consider two function /() and p(x) defined in the infinite 
interval (— oo, + 0c) and subject to the following conditions: 


(a) fi) and pix) are single-valued and finite for every 2; 
(b) for. c= + lim =lim pv) a” =0, (n= 0,1, 2, ---). 
I proved that there exists at least one polynomial Qrfx) of 
degree n such that the function 

Vr) = 
deviates the least from zero in (— i. e., minimizes 
(3) En max. | in (—o, 0) 
among all polynomials of degree x. Furthermore, 

lim E, = E>0 


exists. In general we have E>0O. But under certain 
additional conditions imposed on f(x) and p(x) we have 
lim E, = 0 


* ANNALS oF THE UrAL-University, No. 1, 1921, Ekaterinburg. 
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as in the ease of a finite interval with p(z)— 1. The results 
hold for any infinite interval (a, 0). 

As an application of the results above to Tchebycheff 
polynomials I gave in the same paper the following theorem. 


THEOREM. The closure equation holds for any orthogonal 
and normal system of Tchebycheff polynomials corresponding 
to the interval (a, 2) with the characteristic function 

pla) = ofa), (k > 0, gla)=0), 
if the integral 


| k—®) 2 
Ja 


exists for a certain positive with for a=0,4>>1 
for 


From this theorem our statement (1°) follows immediately ; 
for, if we set 
po) = Qa), 


we get g(7)<1 for » sufficiently large, and consequently 


the integral 
Ja 


exists for every positive ¢-<k. 

In order to prove the statement (2°) concerning the non- 
existence of the closure equation I consider first the interval 
(0, «), and give an example of an orthogonal and normal 
system of Tchebycheff polynomials for which the closure 
equation is not true. 

Let us set 

4 


= 


pau=e 
A 
Siz) = sin tanda), 
with 2<<3. Then, by a theorem of Adamoff,* 


Jo 
A. Adamoff. Proof of a theorem due to Stieltjes, PROCEEDINGS 
OF THE MATHEMATICAL SocreTy AT Kazan, 1901, (in Russian). 
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from which we deduce immediately that all the coefficients 
in the development (1) vanish: 
Ay — 0, (n — 0, 


If we assume the existence of the closure equation in this 
case we get, from (2), 


0, 


which is evidently impossible. 
In the case of the interval (— oo, 2) we set 


2s 

= f= , positive integer), 
2s 

Ba ) 


9 


JS@) - cos (a? tan 
then, from a result of W. Stekloff,* 


{ =0, (n=—0,1,2...). 


The rest of the proof is as before. 


The case 
a 


ple) =e 
with 4 = 3 for (0, 2), 4 = 1 for (— , oo) requires a more 
delicate analysis. 


2. Application to the Theory of Functions Deviating the 
Least from Zero in an Infinite Interval. In my paper men- 
tioned above I showed that 

lim E, = E>0, 

(see (3)), if the closure equation does not hold for the system 
of Tchebycheff polynomials with the characteristic func- 
tion p(x). Thus we conclude 


* W. Stekloff, Application de la théorie de fermeture a la solution 
de certaines problémes des moments, MEMOIRES DE L’ACADEMIE DES 
Sciences, Petrograd, (7), vol. 33 (1915). 
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In the case of 
A 


(k> 0) 
with for (0, %), 4<1 for (— we have in general 


lim E,> 0. 
3. Connection with the Theory of Continued Fractions. In 
conclusion I want to point out the intimate connection between 
the theory of closure of Tchebycheff polynomials corres- 
ponding to the interval (a, b) with the characteristic function 
p(x), and the theory of Stieltjes’ continued fraction 


1 


bc + - 
boa + kod... 


which arises from the integral 


pty) dy, b>a). 

Indeed, if (a, )) is a finite interval, then the continued fraction 
for every p(y) converges, and in this case the closure equation 
always holds. On the other hand, if the interval considered 
is infinite, say (0,%), and if 


ply) = (k>0), 


we know, according to Stieltjes,* that the continued frac- 
tion converges for 4>3 and diverges for 4<}. This is in 
accordance with the statements (1°, 2°) given above. 

The closure theory is also closely connected with so called 
problem of moments, due also to Stieltjes.+ I hope to show 
this in another paper. 


THe UNIVERSITY OF CHICAGO 


* Stieltjes, Recherches sur les fractions continues, ANNALES DE 
LA TovuLovuse, vol. 8 (1894). pp. J.1-J.122, vol. 9, pp. A.1-A. 47. 
7 Loe. cit., vol. 9, pp. A. 1-A.47. 
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NUCLEAR AND HYPER-NUCLEAR POINTS 
IN THE THEORY OF ABSTRACT SETS* 


BY E. W. CHITTENDEN 


1. Introduction. In his note, Le théoréme de Borel dans 
la theorie des ensembles abstraits,+ Fréchet considers the 
problem: determine the most general class (L) for which 
the theorem of Borel holds true. This class is found to 
be a class (S), that is, a class (L) in which the derived 
set of every set is closed. At the end of the note he calls 
attention to the fact that the stronger theorem of Borel- 
Lebesgue may not hold in a given class (S) and proposes 
the question: what is the most general class (L) for which 
we may state the theorem of Borel-Lebesgue? That such 
a class (L) be a class (S) is necessary but not sufficient. 

This attracted the attention of R. L. Moore,t who showed 
by the aid of the theory of transfinite ordinals that the 
most general class (L) which admits the theorem of Borel- 
Lebesgue is a class (S) with the further property “every 
compact set is perfectly compact’. The property perfectly 
compact, so named by Fréchet,$ is defined as follows. 
A set E is perfectly compact if every monotone sequence 
of subsets of EF determines an element which is common 
to all the sets of the sequence or to their derived sets. 
A sequence of sets is monotone if of any two sets of the 
sequence one contains the other. 

Later Fréchet,|| developing the theory of classes (V) 


* Presented to the Society, December 1, 1923. 

7 BULLETIN DE LA SocrETE DE FRANCE, vol. 45 (1917), pp. 1-8. 
Called t'réchet, I hereafter. 

+ On the most general class (L) of Fréchet in which the Heine- 
Borel-Lebesgue theorem holds true, PROCEEDINGS OF THE NATIONAL 
ACADEMY OF ScrENCcEs, vol. 5 (1919), pp. 196-210. 

§ Sur les ensembles abstraits, ANNALES DE L’ECOLE NORMALE (3), 
vol. 38 (1921), p. 342. Called Fréchet, II hereafter. 

|| Sur la notion de voisinage dans les ensembles abstraits, BULLETIN 
DES SCIENCES MATHEMATIQUES, (2), vol. 42 (1918), pp. 138-156. Called 
Fréchet, III hereafter. 
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more general than classes (L), resumed the study of the 
theorem of Borel. This theorem was found for classes (V) 
to be the equivalent of the property of Hedrick; that is, 
for every set F in the class (V), element p interior to Z, 
and set F which has p for a limit element, there is 
a subset F, of F such that every element of /, is interior 
to E.* This property implies the closure of derived classes. 
The theorem of R. L. Moore was extended by Fréchet to 
these more general classes (V) with the following results. 
The property of Borel-Lebesgue implies the property 
perfectly compact in the most general class (V). Under 
the hypothesis of the property of Hedrick, every set which 
is perfectly compact in itself possesses the property of 
Borel-Lebesgue.7 

Kuratowski and Sierpinski presented another solution 
of the problem. An element or point p of a set E is of 
power y relative to FE if there is a subset of E of power u 
interior to every neighborhood of p, but not every neigh- 
borhood of p contains a subset of E of power greater 
than ». It is convenient to say that a point p of a set E 
of power m is a hyper-nuclear point of E if p is of power u 
relative to E. A necessary and sufficient condition that 
the theorem of Borel-Lebesgue hold in a class (L) is that 
every infinite compact set whose derived set is also com- 
pact determine at least one hyper-nuclear point. Since in 
a class (L) the properties perfectly compact, and derived 
sets are closed, together form a necessary and sufficient 
condition for the theorem of Borel-Lebesgue it follows 
that in a class (L) they are equivalent to the condition 
of Kuratowski and Sierpinski. Section 4 of the present 
paper contains a generalization of the theorem of Borel- 
Lebesgue which holds in the most general class (V) and 
reduces to the theorem of Kuratowski and Sierpinski when 


* Fréchet, III, p. 155. 
+ Fréchet, II, pp. 346-49, §§ 8-10. 
t Le théoréme de Borel-Lebesgue dans la théorie des ensembles 
abstraits, FUNDAMENTA MATHEMATICAE, vol. 2 (1921), pp. 172-78. 
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the class (V) is equivalent to a class (L). This new 
theorem is shown by the example of § 5 to be independent 
of the closure of derived sets. 

Fréchet * has shown that in a class (D), that is a class 
admitting a generalization of distance, every compact set 
is perfectly compact, and proposes the problem: determine 
the most general class (V) with this property. Section 4 
below presents in terms of the concept nuclear point? a 
necessary and sufficient condition that every compact subset 
of a class (V) be perfectly compact. 


2. On Terminology. As a basis for the following discussion 
we postulate a space P of points p and a system of families 
of subsets V of P called neighborhoods. To each point p 
is assigned in a definite way a family of neighborhoods V>. 
There is no loss of generality in assuming that V, contains p, 
and for convenience we shall make that assumption. A 
point p is a limit point of a set H if every neighborhood 
of p contains a point of EF distinct from p. The relation 
limit point so defined has the following properties. 


1) Every limit point of a set E is a limit point of every 
set containing LE. 

2) Whether p is a limit point of a set # or not depends 
only on the elements of # other than pi. 


A point p is interior to a set G if pis an element of G 
and if G contains a point of every set which has p for a 
limit point. Then p is interior to every neighborhood Vp. 
Furthermore if p is interior to G then some neighborhood 
of p, Vp, is a subset of G. 

A series S of sets G is called monotone if of any two 
sets G, G’ of the series one is a subset of the other. A 
monotone series will be called closed if the sets G or their 
derived sets have a common element; otherwise open. If 

* Fréchet, II, p. 346. 

7 A point p is a nuclear point of a set E of power » if every 


neighborhood of p contains a subset of E of power vz. 
+ Fréchet, III, p. 140. 
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each such common element belongs to a set FE the series 
will be said to be closed in E. 

A set Eis perfectly compact if every monotone series S 
of subsets G of Eis closed; perfectly self-compact, if every 
such series S is closed in E. Fréchet has shown that 
every perfectly self-compact set is compact and that every 
perfectly self-compact set is self-compact*. 


3. Procedure under the Zermelo Aviom. The following 
procedure based upon the assumption of the Zermelo axiom 
and the well known properties of the transfinite ordinal 
numbers was employed by Kuratowski and Sierpinski7 and 
is the basis for several of the following proofs. Let Q be 
an aggregate of power « and of elements qg. Of the trans- 
finite ordinals 2 for which the aggregate of all ordinals 
a —< 2 has the power yw there is a least, 2). Let 


represent a 1—1 correspondence between the aggregate Q 
and the aggregate of all ordinal numbers « < 2. Ifa 
sequence of ordinals 8 < Qj) is determined so that for every « 
there is a 8 >a then the A’s form a series of the ordinal 
type 2, and the aggregate of all such ordinals 8 is of 
power «. Several of the proofs in the sequel depend upon 
a correspondence of the type (1) and the further fact that 
the elements g; form an aggregate of power y. 


4. Nuclear Points. A point p will be said to be a nuclear 
point of a set E£ in case every neighborhood V, contains 
a subset H of EF equivalent to EL; that is, of the same power 
or cardinal number as E. 

THEOREM 1. If an infinite set E is perfectly compact E 
determines at least one nuclear point. 


Let FE be an infinite set of points p and denote the cardinal 


* Fréchet, II, p. 343. A set EH is compact if every infinite subset 
of EF has a limit point; self-compact if it has a limit point in EF. 
7 Loe. cit., p. 17. 
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number of E by w. Then as in § 3, we have an ordinal 2, 
and a 1—1 correspondence 


between the ordinal numbers « and elements p of E. Let 


> Pp- 
pza 
Then G, = E. The G. form a monotonic sequence of subsets 
of E with no common element. But £ is perfectly compact, 
so there must exist an element g common to all the Ge. 

Let V be a neighborhood of the point g. If q is not in F 
then it is a limit point of every Gc and therefore V contains 
a point q« of Ge distinct from q. If q is in E there is an « 
such that Gz does not contain g. For every «’>e the point q 
is a limit point of Ge. Again q is a limit point of every Ge, 
and consequently V contains a point ga of Ga. Let Q be the 
set of all distinct gz, and for a given element qe of Q let 8 
denote the index such that ge is in Gz but not in G3,,. The 
index 4 is in fact that index @ which corresponds to ga regarded 
as an element of E and determined by the correspondence (2). 
These indices 8 are such that for every «< 2) there is a 
8>«. It follows at once that the 4’s and therefore the points 
of @ form an aggregate of power «. Therefore g is a nuclear 
point of F. 

CorOLLARY. Every set E which is perfectly self-compact 
contains a nuclear pornt. 

For the point q of the preceding proof may be assumed 
to be a point of the set E. 

THEOREM 2. If every infinite subset of a set E of points 
of the space P determines a nuclear point then E is perfectly 
compact. 

Let S be an open monotonic sequence of subsets G of a 
set E, satisfying the hypothesis of Theorem 2. Let H be a 
set of points p such that every G contains a point of H. 
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Let H be of power yw and let 2) be the least ordinal of 
that power. We may assume a 1 —1 correspondence of the 
type (2) between the elements of H and the ordinals « < 9). 
For each element pe we may select a set Ge which does not 
contain pe and such that Ges: is contained in Ge. Since 
every set G of the series S contains some element of H it 
follows that every G contains some Gz. Now by hypothesis 
H has a nuclear point g. Let V be a neighborhood of q¢ 
and let Q denote the subset of H of power w in V. Then 
if 8 is any ordinal, 8 < Q, there is an element p. of H in Q 
for which 8<a@. Otherwise, because of the hypothesis on 
2), Q would be of power less than yw. It follows at once 
that V contains an element of every G« and therefore of 
every G. Consequently q is common to all the G’, contrary 
to the hypothesis that S is an open sequence. 
Theorems 1 and 2 imply the following theorem. 


THEOREM 3. A necessary and sufficient condition that a 
set E be perfectly compact is that every infinite subset of E 
determine at least one nuclear point. 


CorROLLARY. A necessary and sufficient condition that a 
class (V) be a class (M); that is, that every compact set E 
be perfectly compact, is that every infinite compact set E possess 
at least one nuclear point. 


For if a compact set is finite it is perfectly compact. If 
it is infinite the result follows from Theorem 3. 


5. Hyper-Nuclear Points. The concept hyper-nuclear point 
is helpful in generalizing the theorem of Kuratowski- 
Sierpinski. A point p is a hyper-nuclear point of a set 
E of power in ease there is a subset H of E of power 
fe interior to every neighborhood of p. 

The theorem to be generalized may be stated as follows. 
A necessary and sufficient condition that the theorem of 
Borel-Lebesgue apply to a class (L) is that every infinite 
compact set L whose derived set E” is also compact possess 
at least one hyper-nuclear point. 
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The extension of this result to classes (V) in general is 
a consequence of the two following theorems. 

THEOREM 4. If a self-compact set H contains a hyper- 
nuclear point of every infinite subset of H, then H admits 
the property of Borel-Lebesque.* 

Let us suppose that H does not admit the property of 
Borel-Lebesgue. Then there is a family F' of sets J which 
covers H and contains no finite subfamily with the same 
property. Among such families F there is (according to 
the theorem of Zermelo) at least one, say Fy, whose power 
is a minimum. Let 2) be the first transfinite ordinal of 
power w. There is a well ordered set 


of order type 2) comprising the totality of the sets J of Fy 
and in one-one correspondence with the numbers @ < 2). 

From the definition of Fy, every point of H is interior to at 
least one of the sets J; but no segment of the sequence (3) 
has this property. We can also suppose that every set Jz 
contains in its interior an element of H, denoted by je, 
which is not interior to any set Jz for $< a, since all the 
sets J, which do not have this property could be suppressed 
in the sequence (3) without reducing the ordinal type (because 
there is no family covering H of power less than m«, and 
the reduced family would not fail to cover H). 

The set Q of all the points pe is evidently of the power 
(since p,, + pg for «<8; p, being interior to J, while pz 
is not). But Q is a subset of H and so by hypothesis H 
contains a hyper-nuclear point q of Q. This point q is 
interior to some one of the sets J; of the sequence (3), let 
it be J. Since q is a hyper-nuclear point of Q there is 
a subset of Q of power m interior to every neighborhood 
of q. But q is interior to Z, which must contain a neigh- 
borhood V of g. It follows at once that there is a subset of 


* The proofs of Theorems 4 and 5 differ from the corresponding 
proofs of Kuratowski and Sierpinski (loc. cit., pp. 174-75) only with 
respect to those details which are involved in the generalization. 
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Q of power # interior to J,. But the totality of the points 
ps for §<y is of cardinal number less than «. Therefore J, 
contains in its interior an element p, of Q whose index 1 
exceeds y. But by definition p, is not interior to any set 
I-(§<y). This is a contradiction, and the assumption that 
H does not possess the property of Borel-Lebesgue fails. 

THEOREM 5. Jf an aggregate H admits the property of 
Borel-Lebesque, H is self-compact and contains a hyper- 
nuclear point of every infinite subset of H. 

That the aggregate H of the theorem is self-compact is 
well known.* Let Q be an infinite subset of H of power « 
and suppose that to each point p of H there is a neighbor- 
hood V, such that the subset of @ in V> is of power less 
than «. The totality of such neighborhoods V, covers H, and. 
by the Borel-Lebesgue property, it can be replaced by a finite 
family with the same property. Then Q can be represented 
as the sum of a finite number of sets each of power less 
than #, contrary to the hypothesis that Q is of power «. 

From Theorems 4 and 5 we have the following theorem. 

THEOREM 6. A necessary and sufficient condition that an 
aggregate H possess the property of Borel-Lebesgue is that 
H be self-compact and that every infinite subset of H be 
hyper-nuclear in H. 

It should be noted that the hypothesis “derived sets are 
closed’ does not enter this theorem directly. That for 
classes (V) in general the theorem above is independent 
of the closure of derived classes is shown by the example 
of the following section. 

In a class (L) every self-compact class is compact and 
closed. From the theorem of Kuratowski and Sierpinski 
and Theorem 6 above we have the following theorem. 

THEOREM 7. Jn a@ class (L) a necessary and sufficient 
condition that every infinite compact set E whose derived 
set is compact determine a hyper-nuclear point ts that every 
closed compact set H have the property “every infinite subset 
of H has a hyper-nuclear point in H”. 


* Fréchet, II[, p. 152, § 19. 
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Since Fréchet has shown that every set with the pro- 
perty of Borel-Lebesgue is perfectly self-compact it follows 
from Theorem 6 that we have the following theorem. 


THEOREM 8. If a set H is self-compact and contains a 
hyper-nuclear point of every infinite subset of H, then H is 
perfectly self-compact. 

This theorem should be compared with Theorem 2. It 
would be interesting to have an example showing that the 
conclusion does not hold if the word “hyper-nuclear” in 
Theorem 8 is replaced by the word “nuclear”. 


6. An Example. It has been shown that in a class (L) 
the theorem of Borel implies the closure of derived classes 
but that in the more general classes (V) the theorem of Borel 
and that of Borel-Lebesgue may be formuiated without the 
use of the hypothesis of the closure of derived sets. The 
following example completes the proof of this independence. 

Let P be the class of all number pairs p = (n, m) where 
n= 1,2,3,---; m= 1,2,3, together with the number 
pair (0,0). The neighborhoods V are defined as follows. 
The elements p = (n,1), n = 1,2,3,---, have but one 
neighborhood consisting in each case of the element p 
alone. Each element of the form p = (n, 2) has a family 
of neighborhoods Vip, consisting for given k of the point p 
and all points g = (n, 1) for which n=>k (k = 1, 2,3,---). 
The elements p = (n, 3) have a family of neighborhoods 
Vip, each comprising the point p and all points (m, 1) and 
(n, 2) for which n >k (k = 1, 2,3,---). The neighborhoods 
Vip of the point p = (0,0) contain all the points (m, 2) 
and (n, 3) for n =k (k = 1, 2, 3,---), in addition to the 
point p = (0, 0) itself. It is easy to see that P is com- 
pact, and that every infinite subset of P determines a 
hyper-nuclear point. It may be verified directly that al- 
though derived sets are not closed, the theorem of Borel 
holds. The theorem of Borel-Lebesgue is satisfied vacuously, 
since the class P is enumerable. 
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FIVE AXIOMS FOR POINT AND TRANSLATION 
IN AFFINE GEOMETRY 


BY A. A. BENNETT 


1. Introduction. Postulate systems for geometry are so 
numerous that the development of a new system is of itself 
of little interest. Before explaining the present system, 
some remarks about various lines of approach to geometry 
may be of value in estimating its significance. 

(1) The introduction of a new form of geometry upon 
the basis of an assumed familiarity with other geometrical 
studies is a well known practice. This is what is done in 
the usual treatment of analytical geometry, of descriptive 
geometry, and frequently of projective geometry. There 
is even a tendency these days to teach euclidean geometry 
along semi-intuitional lines. This procedure appeals to 
elementary students as being “concrete”, but it makes any 
appreciation of the logical structure of the subject difficult. 

(2) A “synthetic” axiomatic treatment of geometric figures 
is the classical and still the orthodox line of approach. 
This is the method of Euclid, of the familiar non-euclidean 
studies, of Hilbert’s Foundations, and of Veblen and Young’s 
Projective Geometry, not to mention others. This is how- 
ever subject to the disadvantage that the employment of 
powerful and economical analytical methods is necessarily 
delayed. It has also in the past been the innocent cover 
for much inaccurate reasoning. While a wide acquaintance 
with actual synthetic theorems is essential to the neat 
handling of complicated relations, it is difficult to justify 
an avoidance of analytical tools when these would simplify 
the discussion. The utility of quasi-analytical notions is 
admitted even by the extreme euclidean purists, not only 
in the simpler relations but when these appear under such 
titles as “method of similar figures’, “method of trans- 
lation’, “methods of rotation and reflexion’, “method of 
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inversion”. Of course algebraic methods can be proved 
justifiable on this basis, addition and multiplication being 
matters of definition, as Euclid did to some extent with 
his theory of proportion, and has been done completely 
by modern mathematicians. But there is at least a long, 
and to many students, painful delay, in the introduction 
of these algebraic operations. 

(3) An axiomatic treatment based upon point and trans- 
formation may be followed, where the transformations are 
of the most general type leaving the propositions invariant. 
This is in keeping with Klein’s famous Programm, is sug- 
gested by the non-axiomatic treatment of Lie, and has 
been carried out by Pieri, Hilbert, R. L. Moore, Gaba, 
and others. Here analytic machinery early suggests itself, 
but is not at once available. The transformation in its 
full generality impresses most students as neither an ele- 
mentary nor an obvious notion, and so in a sense psycho- 
logically undesirable for a basic undefinable. The more 
familiar special transformations, such as translations, are 
found to be difficult of definition. Even in the case of 
such an elementary figure as a straight line, an extensive 
and intricate study is required before a definition is available. 

(4) The number field may be first constructed, and geo- 
metry identified with the study of a hypercomplex algebra, 
addition and multiplication in the number field being deve- 
loped in parallel. This is the characteristically analytical 
method, and that usual in vector analysis. Objections to 
the customary treatment are many. For instance there 
may be much duplication incident to a repetition for the 
hypercomplex numbers of the rules laid down for the ori- 
ginal number field. Despite a possible formal independence, 
multiplication cannot be regarded as largely arbitrary. 
A thorough study of addition among points conditions in 
advance many of the properties that must be assumed for 
any useful system of multiplication, so that the extent to 
which multiplication may be defined in any given case is 
a matter of interest. Another frequent criticism of the 
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hypercomplex treatment is due to its usual dependence 
upon coordinate systems, and the absence of any early 
test of purely geometrical, that is, of invariantive properties. 


2. Proposed Conditions. It would seem not without 
interest to approach geometry on an axiomatic basis with 
the following conditions in mind. 


(1) Analysis shall be available early. 


(2) Save that congruence conditions are postponed, the 
system shall be essentially euclidean from the start. 


(3) The analysis shall be of the simplest and most ob- 
vious sort, even at the possible sacrifice of symmetry. 

(4) The one-dimensional case shall not be featured with 
special emphasis at the start. 


(5) No special frame of reference shall be made fundamental. 


A word as to these conditions. As to (1), no discussion 
should be required provided that it is not inconsistent with 
the retention of other ideals. As to (2), by postponing 
congruence conditions, all theorems become available not 
merely for the euclidean case but also for affine geometry, 
for which, as for projective geometry, there is no universal 
invariant for a point pair. Condition (3) gracefully excludes 
projective geometry with its extraneous factor of propor- 
tionality. Conditions (4) and (5) suggest that addition and 
multiplication be considered throughout as applied to hyper- 
complex numbers, and that further only their geometrically 
invariant features be discussed. 

Beside the undefined element, point, it is natural from 
this line of attack to take as undefined the operation 
translation. Thus vector addition and subtraction may be 
expected to appear early in the discussion. The general 
notion of an affine transformation is eventually required. 
The question arises as to how far this may be secured by 
mere definition. From this stage on, the situation agrees 
in its essentials with that arising in general projective 
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geometry. Within a single net of rationality no new un- 
defined notion is required. For the general concept of 
straight line in its relation to affine transformations, a 
“fundamental” postulate is needed, and for the euclidean 
theory, not only must congruence be specialized, but order 
relations also must be established. One might refer for 
such questions to Veblen and Young’s Projective Geometry. 


3. The Five Axioms. The present brief study is confined 
for brevity and simplicity to the particularly elementary 
case of a finite geometry based on a Galois field where 
the prime modulus appears only to the first power, so that 
the field is modular in the primitive sense. It will be noted 
that three distinct “spaces” are considered, that of “points”, 
that of “translations”, and that of “automorphisms”... The 
set of axioms is not categorical. Modifications are necessary 
in extension to cases which will admit the euclidean real 
or complex geometry as special instances, along the lines 
indicated above. Since the purpose of this set is to point 
out the extensive deductions inferrable from so few and 
apparently such mild conditions, and is not the study of 
this special and trivial type of space, questions of in- 
dependence and completeness will not be discussed. The 
axioms together with some familiar and perhaps unnecessary 
definitions follow. “Point” and “translation” only are 
undefined. 

Ax. I. P is a finite set of elements. 

The elements of P may be called poznts and designated 
by the use of the letter p, with or without subscripts or 
other diacritical marks. By a permutation of P is meant 
an operation based upon a biuniform correspondence among 
the elements of P, by which each element of P is replaced 
by its uniquely corresponding element of P. 

Ax. I] 1. A its a set of permutations of P. 

The elements of A may be called translations and de- 
signated by the use of the letter a, with or without sub- 
scripts or other diacritical marks. With respect to a given 
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permutation, an element of P is said to be fixed, if the 
permutation replaces this element by itself. The cdentical 
permutation is that which leaves each element fixed. We 
have not required that A be a group or even a semi-group, 
but there will be a group of permutations of P generated 
by the elements of A and their inverses, or as we may 
say, by the set A. 


Ax. 112. The identical permutation is the only permu- 
tation in the group generated by the set A which leaves 
as much as a single element of P fixed. 


Ax. I13. For the given set, P, it is not possible to extend 
the set A, by adjoining further permutations, so that the 
extended set shall also satisfy 111, and I1 2. 


From these axioms it follows readily that A is itself 
a group. With a little discussion of the consequences 
of A being possibly intransitive in P, it is seen that if A 
were intransitive, a new permutation, }, could be adjoined, 
commutative with each a, and interchanging subsets of P 
within each of which A is transitive. Furthermore the 
set A together with ) would satisfy I11 and I12, by 
making explicit use of the commutative character of ), 
so that 113 would fail to hold if A were not transitive. 
Zermelo’s axiom in the finite case is assumed as a principle 
of logic. 

For an unknown set P, the axioms II place no restrict- 
ions upon A other than that A shall be a group. Fora 
given group A, the set P is found to be in biuniform 
correspondence with A and in as many ways as one chooses 
an element of P to correspond to the identical permutation. 
No points of P are specialized, while in A there is at least 
one element not to be confused with any other, namely, 
the identical permutation. Two permutations, which are 
elements of A, are said to be equivalent, if and only if 
there is an automorphism of A (hence preserving the mul- 
tiplication table of A), which replaces the first by the 
second, and also an automorphism of A replacing the second 
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by the first. Since an automorphism may replace distinct 
elements by a single one, this double condition is needed. 


Ax. III. Any two elements of A, neither of which is 
the identical element, are equivalent. 


We may now conclude that with the exception of the 
identical element, all elements of A are of the same order. 
Since any cyclic group of composite order has proper cyclic 
subgroups, we conclude that the common order of all non- 
identical elements is a prime, say p. The total order of 
the group can contain no prime factor other than this p, 
so that since the set is of finite order, this total order 
may be designated by p”. We may eall this » the di- 
mensionality of P and of A. Any set of p points, each 
of which is obtainable from each other by the operations 
of a cyclic subgroup of A, may be called a line. Thus 
each line has p distinct points. 

It is a well known theorem* in the study of finite groups 
that every prime power group contains elements other 
than the identity commutative with every other element 
of the group. Applying this to A, and using the fact 
that the elements, a, other than the identity are equi- 
valent, we infer that A is commutative. We may now 
identify the operation of obtaining the result of two 
successive permutations, with the operation of adding 
these elements, a. 

The totality of automorphisms of A is called the set M. 
Thus if m is an element of M, and a, and a, are two 
elements of A, it follows that m(a,+ az) = m(a,)+ m(ag). 
Given two automorphisms, m, and ms, and denoting by a 
an unrestricted variable in A, we may define a’ and a” 
by the conditions m,(a)— a’, m(a)—= a". Now there 
is an automorphism replacing a by the sum a’+ a”, since 
there is obviously such a uniform correspondence and it 
satisfies the distributive condition essential for an auto- 


* Cf. Hilton, Finite Groups, p. 142. 
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morphism, since in fact (aj + a3)+ + a¥) = (a+ a7) 
+(a;-+ az’). Since M contains each automorphism of A, 
it contains this also. We shall naturally designate it by 
m,-+ ms. Thus M is completely distributive with respect 
to the addition of elements of A. 

The result of the successive application of two elements 
of WV is again in M, and M is found to constitute a semi- 
group, which furthermore contains an identical element for 
the semigroup. The terms multiplication and product may 
be used in a strict sense for this ¥. While W is a semi- 
group with respect to multiplication, it may be shown to 
form with respect to addition, as already used, a group. 
Its identical element with respect to addition is the muzdl- 
automorphism, that which replaces each element of A by 0, 
the identical element of A. The element of M identical 
with respect to multiplication is of course that which re- 
places each a by itself. Thus WV taken with its rules of 
operation constitutes a linear algebra. This W includes 
singular automorphisms, that is automorphisms replacing 
distinct elements of A by a common element. It is there- 
fore no group. Whether approached from the side of the 
modular theory of numbers, or from the side of special- 
izations in the theory of general projective geometry, it 
is found that MV is simply isomorphic with the semigroup 
of all affine projectivities among translations in a modular 
space, modulo p, of 2 dimensions, leaving the null trans- 
lation invariant, and with the semigroup of all linear homo- 
geneous substitutions in » variables, taken modulo p, no 
factor of proportionality being suppressed. 

In the one-dimensional case, multiplication is commutative 
in W/ and the number of elements in VM is the same as in 
P and A. For cases of higher dimensionality, there are 
py elements in M and multiplication is not commutative, 
although within any cycle multiplication is of course always 
commutative. 
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SOME PROBLEMS OF CLOSURE CONNECTED 
WITH THE GEISER TRANSFORMATION* 


BY ARNOLD EMCH 


1. Introduction. Problems of closure may be defined as 
series of geometrical operations of the same type performed 
on a given figure with the property that the series closes 
after a finite number of steps and that the closure in one 
instance has as a consequence the closure of an infinite 
number of series with the same number of steps performed 
on the same given figure. As examples of such problems 
may be mentioned the well known Steiner series of circles 
attached to two given non-intersecting circles, the Poncelet 
polygons, the Steiner polygons inscribed in a cubic, ete. 
There are various methods of treating problems of this 
kind. One very effective method for a certain class of 
problems is by means of elliptic functions, as inaugurated 
by Jacobit and Clebsch. 

Another method, distinguished by its simplicity and 
directness, has been established by A. Hurwitz§ and is 
based on the correspondence principle in a one-parameter 
algebraic domain. For example, if the correspondence 
between the elements is (m, ) on a rational curve, there 
are m-+yn coincidences. Now it is possible that in certain 
cases the correspondence may be such that there are more 
than m-+-n coincidences. If this happens, then there are 
an infinite number of such coincidences and we have a 


* Presented to the Society, April 18, 1924. 

+ Uber die Anwendung der elliptischen Transcendenten auf ein be- 
kanntes Problem der Elementargeometrie, CRELLE’s JOURNAL, vol. 3, 
p. 376. 

Tt Uber einen Satz von Steiner und einige Punkte der Theorie der 
Curven dritter Ordnung, CRELLE’s JOURNAL, vol. 63 (1864), pp. 94-121. 

§ Uber unendlich-vieldeutige geometrische Aufgaben. insbesondere 
iiber die Schliessungsprobleme, MATHEMATISCHE ANNALEN, vol. 15 


(1879), pp. 8-15. 
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problem of closure. Algebraically the problem may be 
stated thus: If the solution of a geometrical problem leads 
to an equation of degree m in one unknown (parameter), 
and if under certain imposed conditions this equation admits 
of more than » roots, then the equation has an infinite 
number of roots, and the problem admits of an infinite 
number of solutions. 

Recently Professor A. B. Coble has worked out a method 
of procedure of an invariantive character by which he has 
been able to solve problems of closure (porisms) in a very 
elegant manner.* The purpose of this paper is to establish 
some new problems of closure by a certain mapping pro- 
cess applied to previously known problems of closure. It 
was also by a mapping process that the writer found the 
problems of closure stated in the recently published paper 
on the geometry of the symmetric group.t 

2. The Geiser Transformation.; For a better under- 
standing of what follows it is perhaps well to state the 
principal properties of this well known involutory Cremona 
transformation in a plane in agreement with our notation. 
The seven base-points A,, As, ---, A; in a general position 
determine a net of cubics so that any two cubics of the 
net intersect in two points P, P’ which as a pair of cor- 
responding points define the Geiser transformation. The 
base-curves C; are nodal cubics through the base-points, 
with their nodes at the 4A;,’s respectively. The @,’s are 
octics with triple points at each of the A;’s, and determine 
a net of octics. The transformation has the pointwise 
invariant sextic Cg with double points at each of the A,’s, 


* Multiple binary forms with the closure property, AMERICAN 
JOURNAL, vol. 43 (1921), pp. 1-19. 

+ AmERICAN JouRNAL, vol. 45 (1923), pp. 192-207. See also the 
author's monograph, Applications of elliptic functions to problems 
of closure, THe Untversiry oF CoLtorapo Stuptes, vol. 1 (1902), 
pp- 81-133. 

t Geiser, Uber zwei geometrische Probleme, CRELLE’s JOURNAL, 
vol. 67 (1867), pp. 78-89; Sturm, Die Lehre von den Geometrischen 
Verwandtschaften, vol. 4, 1909, pp. 96-103. 
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which is consequently of genus 3, and which is the Jacobian 
of the net of cubics. It has the same nodal tangents at 
the A;’s as the nodal base-cubics. The transformation is 
of class 1. The invariant isologue curve Cs attached to a 
point S is an elliptic cubic which outside of the A;’s cuts 
the Cé in four points P,, Ps. Ps, P, which form a Steinerian 
quadruple on the cubic Cs; i. e., the tangents to the Cs at 
the P;’s meet in S which is on the Cs. From this follows 
that corresponding pairs P, P’ of the Geiser transformation 
on the Cs are also corresponding pairs in an involutory 
quadratic transformation with P,, P:, P;, Py as the quad- 
rangle of invariant points. This property of the Cs makes 
it easy to establish the relation between an invariant Cy 
of the Geiser transformation and the corresponding class- 
curve K, from which it is generated. 

The order of the transformed Cy is in general 8u. 
Hence in order that this number reduce to w it is necessary 
thatthe Cy have multiplicities 7; at the A,’s, such that 
37; = 8u— pw = Tu, which shows that w must be a 
multiple of three. The class v of the K, is equal to the 
number of lines joining couples of corresponding points 
P, P’ on the Cu through any given points S. All such 
couples also lie on the attached C;. The intersections of 
the Cy and the C; at the A;,’s absorb >); points, so that 
outside of the A,’s there are 3u— >)j; intersections which 
arrange themselves into half that many couples aligned 
through S. Hence v = (1/2)(8u— > In case of an 
invariant C;, » = 1, which corroborates the fact that the 
net of cubics through the 4A;’s is identical with the net 
of isologue cubics. 

Let us consider an invariant C3, in the Geiser trans- 
formation. As for a general C3,, the corresponding curve 
is of order 24m, a curve of order 21m must split off in 
order to have a proper corresponding curve of order 3m. 
Assuming the simple case in which the C3, has equal 
multiplicities at the A;’s, these multiplicities are necessarily 
of order m, since whenever a branch of the Cg, passes 


34 
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through an 4A;, the corresponding base-cubic splits off as 
a part of the C3m. Now the isologue of a point S cuts 
the Czm in 3-3m—7-m = 2m points outside of the A;’s. 
Hence for an invariant C3 these arrange themselves into 
m couples of corresponding points on lines through S. 
Hence the invariant C;,, may be generated from a Km. 

As the Km is determined by m(m + 3)/2 conditions, the 
manifold of invariant Csm’s of this type is equal to this 
number. The number of conditions of the class of Csm’s with 
multiplicities of order m at each A; is k = (1/2) 3m(3m + 3) 
—7(1/2)m(m+ 1) = m(m+1). The question is, how must 
the k points be chosen to insure an invariant Cym. It is 
obvious that since k is even, a sufficient condition is that 
the k points form k/2 couples. But this is not always 
necessary. From the k points choose y couples of cor- 
responding points, then the Csm and C3m have at least 
7m? -+-2y-+4m points in common, since the Cz», cuts the 
pointwise invariant sextic in 6-3m —7-2-m = 4m points. 
If 7m? + 2y + 4m > 9m?, then = C3m. This condition 
reduces to 2y > 2m? —4m. On the other hand 2y < m(m + 1). 
For m = 5, this gives 30 < 2y < 30. Thus in case of an 
invariant C,;, 15 couples determine such a curve uniquely. 
As 2m?— 4m — (m? + m) = m(m—5) is positive for all 
values of m > 5, in case of C3m’s for m > 5, (1/2)m(m-+ 1) 
couples determine the invariant C3 uniquely. 

As an example of particular interest may be mentioned 
the class of invariant sextics with double points at each 
of the base-points. In the first place a sextic with double 
points at each of the A;,’s depends on six free constants 
and is transformed into a sextic of the same type since 
6-8—2-7-3 = 6. Such a non-invariant sextic cuts 
the Cs in 36—7-4 = 8 points J outside of the A;’s. The 
Cs and the Cg determine a pencil of sextics with the same 
multiplicities at the A;’s and all passing through the 8 points J. 
Through every point of Cg there is a selfcorresponding 
direction, i. e., a line on which lie two corresponding points 
of the Geiser transformation infinitely close to the Cg. Con- 
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sider now any of the 8 points J and the corresponding 
line-element through J. There is just one sextic C of 
the pencil through the A;,’s and the J’s which will have 
this element as a tangent at J. The transformed (%_ be- 
longs to the pencil, since the J’s are invariant, and along 
the element through J cuts the Cé in two consecutive points. 
Hence the two curves intersect in 37 points and are there- 
fore identical. This establishes the existence of invariant 
sextics. As every invariant sextic C,; determines a pencil 
of non-invariant curves and as all non-invariant curves 
are contained among such pencils, the system of invariant 
sextics with double points at the A;’s depends on five 
effective constants. This may be verified as follows: An 
invariant cubic C, cuts an invariant C, in four points out- 
side of the A;,’s. These lie in couples of corresponding 
points on two lines through S. Consequently the lines 
joining corresponding points on an invariant C, with double 
points at the A;’s envelope a conic K,. Conversely any in- 
variant sextic of this sort may be generated from a conic K, 
of class two. There are therefore oo° such sextics. If 
we denote by ¥,, We, Ws three linearly independent in- 
variant cubics, any invariant sextic of the system may be 
represented in the form = 0. To sum up 
we have the following theorem. 


THEOREM I. The entire class of ° invariant sextics with 
double points at the base-points may be generated from the 
class of conics K,. An, invariant sextic Cy cuts the point- 
wise invariant sextic Cg in 8 points, so that the tangents 
to the C, at these points touch a conic (Kg). 


The pointwise invariant curve Cs connected with seven 
generic points in a plane is sometimes called the Aronhold 
curve. It cannot be represented as a polynomial of the 
second degree of three linearly independent cubics through 
the seven points. However its square may be expressed 
as a certain polynomial of the fourth degree in the three 
cubics Cf, CP, C®, so that (03? = F(CP, cP, cf), 
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where F is a general quartic with the C;’s as projective 
coordinates. Hence the general quartic can be resolved 
by three linearly independent cubics through seven points. 

It is easy to study higher systems of invariant curves in 
the Geiser transformation by the properties of the transfor- 
mation and by the curves K, from which they are gene- 
rated. A K, generates a reducible curve of order 9v 
with an equation of the form (Ci)” H(y,, ¥,, ¥,) = 0, 
in which the H is of degree 3y in the x’s. The pointwise 
invariant curve C; splits off » times and leaves an invariant 
curve H of order 3v with v-fold points at the base-points. 

3. Mapping by the Geiser Transformation on a General 
Cubic Surface. Consider the cubic Cremona transformation 
between two quaternary spaces > and >’ in which to 
the planes p of > correspond cubic surfaces C’ through 
the base-curve S’ in >’ and conversely to the planes p’ 
of >’ correspond cubic surfaces C through the base-curve S$ 
in >. The curves S and S’ are sextics of genus three 
and the base-surfaces of the transformation are octic sur- 
faces formed by the trisecants of S and S’. To a point 
of S corresponds a trisecant of S’, and conversely to a 
point of S’ a trisecant of S. 

Choose a definite plane p in > as the plane of a Geiser 
transformation which by the cubic transformation is mapped 
into a definite cubic C’ of >’. The sextic S cuts p in 
six points A,,..., Ag, which in general do not lie on a 
conic. These points we take as six points of the Geiser 
transformation, while A; may be chosen in some fixed po- 
sition independent of the six other points. To A;,..., Ag 
correspond on C” six lines ai, ..., ag, while the image of 
A; is some point A} on C’. To a plane section p’ through 
A’ with C’ corresponds in p a plane cubic C? through 
A,,..., A;. Likewise to another plane section q’ through 
A’ corresponds in p another plane cubic CZ through the 
base-points. C? and (¥ intersect, outside of the A’s, in 
two points P and Q which are corresponding points in the 
Geiser transformation. To them correspond on C’ two 
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points P’ and Q’ which lie in p’ and q’, and which are 
therefore the points in which the line of intersection of 
p’ and q’ cuts the cubic surface C’. Thus to pairs of cor- 
responding points of the Geiser transformation correspond 
on the cubic C’ pairs of corresponding points cut out by 
secants wu’ through A;. Every line in p carries one pair 
of corresponding points, and to it corresponds in >’ uniquely 
a line wu’ through A}. 

THEOREM II. The correspondence between u and w' is 
(1,1) and involutory. Hence the points P and lines u of p 
are in involutory reciprocity with the planes p’ and lines wu’ 
through Az. In this reciprocity, to a curve Km of class m 
in p corresponds in >’ a cone Kn of order m with Aj as 
a verter. The locus of pairs of corresponding points on 
tangents u' of Km is an invariant Cym of the Geiser trans- 
formation, as has been proved in §2. The cone Km cuts 
C’ in a curve Cim of order 3m which is invariant in the 
involution (P’,Q’) on C’. Thus Cym and C3m correspond 
to each other in the cubic transformation between > and >’. 

To the plane sections through A; and aj correspond in p 
the base-curves of the Geiser transformation. To the plane 
section of the tangent-plane to C’ at A; corresponds the 
base-curve with A; as a node. To the tact-sextic of the 
tangent cone from 4; to C’ corresponds in p the Aronhold 
curve or the pointwise invariant sextic or Jacobian of the 
net of plane cubics through the 4d’s. 

4. Problems of Closure. A cone Kj, with Aj; as a vertex 
cuts the cubic C’ in a curve C3m of order 3m. As Kn 
cuts each of the lines aj in m points, the corresponding Cam 
in p, generated from the class-curve Km, has A,,..., Ag 
as multiple points of order m. But the C3m has an m-fold 
point at the point 47, so that also 4; has the multiplicity m 
on Cgm. A tangent-plane to the cone K,, along an ele- 
ment w’ cuts C’ in a cubic C3 which touches C3m in the 
two points P’ and Q’ cut out by w’. Thus, to C3 cor- 
responds in p a cubic C3 which touches C3» in corresponding 
points of the Geiser transformation. 
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As a particular case, choose two quadric cones K5 and 
Ls with common vertex at A7, but not intersecting in real 
generators («’). They intersect C’ in two sextics JT’ and 
S’. Every tangent plane of K cuts C’ in a eubic C3 which 
touches 7” in two points on aw’ and cuts S’ in two pairs 
of points whose joins also pass through A;, since they lie 
on generators of Ls. If we now construct a pyramid with 
vertex at A; such that its faces are tangent to K> and its 
edges are generators of Z:, and if once such a pyramid 
closes for two fixed cones Ki and Ls, then there are an 
infinite number of such pyramids, circumscribed to K3 and 
inscribed to Zi. If by means of the cubic transformation 
we go back to the Geiser plane p, we derive immediately 
the following theorem. 


THEOREM III. Let T and S be two invariant sextics of 
the Geiser transformation and C, an invariant cubic touching 
T in two points T, and T; and cutting S in two couples 
of corresponding points S;, S; and S2, 83. Through So, 8% 
pass an invariant cubic C2 touching T in a couple of cor- 
responding points T2, T2 and cutting S in a couple Ss, S3. 
Through S3, S3 pass a cubic Cs touching T in Ts, T3 and 
cutting S in Ss, Si, and so forth. Suppose this process con- 
tinued n times, so that the last cubic Cy of the series cuts S 
in Snii, Snir. If once Snir, coincides with Si, 
i. €., Uf the process closes, then there 1s always closure after 
n operations, no matter what initial cubic C, touching the 
sextic T in a couple T;, T; is chosen. 

The joins of all couples T;, Tj envelope a conic Ke, those 
of Si, Si a conic Ls, such that Kz and Le ave correlative 
to Kz and Lz. 


A general cubic cone K’ with vertex at A; cuts the 
cubic surface C’ in a curve Sg of order 9. To it corre- 
sponds in p an invariant curve of the same order, generated 
from a correlative plane cubic of class 3. Through a 
generator u’ of K’ pass two tangent planes a, and «ep, 
touching K’ along the generators g and h. eg and «, cut 
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C’ in plane cubies Cj and C;, which pass through the inter- 
section U and U’ of u’ with C’, and which touch the C3 
in couples G, G’ and H, H’ of corresponding points in the 
involution on the cubic C’. The closure property of the 
quadrilateral pyramid with vertex at A; whose six edges 
are generators of K’, all in analogy with the closure theory 
of Steiner polygons inscribed in a plane cubic, transferred 
to the Geiser plane leads to the following theorem. 


THEOREM IV. Given an invariant Sp in the Geiser trans- 
formation and on it a couple (U, U’) of corresponding points. 
Through (U, U') draw two invariant cubics touching Sy in 
two couples (G, G’) and (H, H’) respectively. Through (G,G’) 
pass any invariant cubic C, cutting Sy in two couples (A, A’) 
and (B, B’); through (H, H’) and (B, B’) pass an invariant 
cubic Cy cutting Sy in (C,C"); through (G,G’) and (C,C’) 
pass the invariant cubic Cs cutting Sy in (D, D’); through 
(H, H’) and (D, D’) pass the invariant cubic C,; then C, 
will always pass through (A, A’), no matter what initial 
Jirst couple (A, A’) or initial cubic C, is chosen. 


By the mapping process explained above a number of 
problems of closure may be obtained without difficulty. 
Thus we may state the following theorem. 


THEOREM V. Given an invariant curve Cy of order 9 
with triple points at the base-points of the Geiser trans- 
formation. Through a couple of corresponding points of 
Cy draw the four invariant cubics touching the Cy, each 
touching the Cy in a couple of corresponding points. Thus 
Sour couples are obtained which we define as a Steinerian 
octuple on the Cy. Consider a second octuple of this sort 
on the Cy. Any couple of the first octuple together with 
any couple of the second octuple determine an invariant 
cubic uniquely. In this manner are determined 16 in- 
variant cubics which by fours intersect in four couples of 
a third octuple on the Cs. 
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A SYMMETRIC COEFFICIENT OF CORRELATION 
FOR SEVERAL VARIABLES* 


BY DUNHAM JACKSON 


Let ANd y,,) be two sets of n 
real numbers each, neither set consisting entirely of zeros. 
In order that the ensuing use of technical terms may be 
in accordance with established practice, let it be supposed 


that 
2%, = LH, = 9, 


though the mathematical relations to be considered are in 
themselves not dependent on this hypothesis. The coefficient 
of correlation between the x’s and the y’s, defined by the 
formula 

VIR 


may be regarded as a measure of the degree of resemblance 
of the two given sets of numbers, and may be inter- 
preted as the cosine of the angle POQ = 84, if O, P, Q 
represent respectively the origin, the point with coordinates 
and the point In space of 
n dimensions. 


Let a third set of real numbers (z,, 2z,,---,2,) be given, 


not all zero (and subject, let us say, to the condition 
>z, = 0). There may sometimes be occasion to consider 


a measure of the degree of resemblance of the three. sets 
(x,.), (y,); and (z,), not an asymmetric measure of the de- 
pendence of a specified set on the other two, as in the 
case of a coefficient of double correlation, but .a formula 


* Presented to the Society, April 19, 1924. 

+ For an elementary exposition of this idea, and for bibliographical 
references, see a paper by the author entitled The trigonometry of 
correlation, AMERICAN MATHEMATICAL MonTHLy, vol. 31 (1924), 
pp. 275-280. 
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treating all three sets alike.* Such a formula will be dis- 
cussed in the following pages. Some theoretical advantages 
belonging to it will appear in the course of the discussion; 
its practical utility must naturally await the test of ex- 
perience. If it has already been treated elsewhere, as is 
not unlikely, the writer hopes that the present exposition 
may nevertheless serve a useful purpose in giving it wider 
publicity. 

Without loss of generality, it may be assumed that the 
given sets of numbers are normalized, so that 


Then the points P and Q, and the point R with coordinates 
(2,5 25)***» 2,), are on the surface of a sphere of unit radius 
about the origin. The discussion is concerned with the 
degree of propinquity of these three points. As the corre- 
lation of the first two sets of numbers is measured by 
means of the angle POQ, there would be a certain analogy 
in making use, at the next stage, of the solid angle O—PQR, 
or, in other words, of passing from the length of the are 
PQ to the area of the spherical triangle PQR as a 
quantitative indication. But the area of the triangle is 
zero whenever the three points lie on the same great 
circle, whether the points themselves are close together 
or widely separated, so that it seems necessary to look 
further for a satisfactory definition. 

Let S be the middle point of the chord PQ. The value 
of the coefficient of correlation r can of course be expressed 
in terms of the angle ® — 46 — POS, the relation being 


r = cos 6 = cos 20 — 2 cos? O—1. 


The extreme limiting values of cos ®, for all possible 
positions of P and Q, are not —1 and 1, as in the case 
of cos 6, but 0 and 1. As cos ® = OS is the perpendi- 


* This problem was suggested to the writer by a study of the 
distribution of freshman grades, in which Professor W. H. Bussey was 
engaged. 
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cular distance of the chord PQ from 0, an analogous 
quantity in some respects would be the distance from 0 
to the plane of P, Q, and R. But a knowledge of this 
quantity would scarcely give the kind of information that 
is desired, since the distance is zero whenever the three 
points are on the same great circle, and may be either 
zero or arbitrarily near unity for three points arbitrarily 
close to each other, becoming wholly indeterminate between 
these limits in the one case for which an unmistakable 
characterization is most essential, the case of actual coinci- 
dence of P, Q, and R. 

It seems more instructive to regard OS as the distance 
from O to the center of gravity of the points P and Q, 
regarded as material particles of equal weight. Let 7' be 
defined as the center of gravity of P, Q, and R, and let 
ry, = OT. This r, is 1 if and ‘only if the three points are 
coincident; it is 0 if and only if they are situated on a 
great circle at angular distances of 120° from each other; 
and it has a value intermediate between 0 and 1 in all 
other cases. A formal expression for it is readily calcu- 
lated. The coordinates (w,, we,**+, wn) of T are given by 
(tutte +4), 


so that ug 


In consequence of the hypothesis that the z’s, y’s, and z’s 
are normalized, the sums of squares under the last radical 
are each equal to 1, and the product sums are the respective 
coefficients of correlation 7:2, 1:5, 123 of the given sets of 
numbers, taken two sets at a time. That is, 


1; 


Taken on its own merits, independently of any geometric 
interpretation, this formula defines a number which is mani- 
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festly subject to the inequalities O<7,<1, since the radical 
is of course to be taken as positive or zero, and none of 
the numbers 712, 713, 723 can exceed 1; the quantity under 
the radical sign is equal to 9 if r12 = 713 = 723 = 1, is 0 
if* ry2 = 113 —4, and can never be negative, 
since it is equal to 9>'w?. 

A measure somewhat more closely analogous to the ordinary 
coefficient of correlation, and slightly easier to compute, the 
measure which it is the main purpose of this paper to suggest, 
is related to 7, as cos@ is related to cosy, and zs defined 
by the formula 


+ 1 


From its dependence on 7;, it ranges between the extreme 
values —1 and +1, the latter value signifying perfect 
correlation of all three of the given sets of quantities. 
It is simply a linear function of the “average coefficient 
of correlation” of the given sets, adjusted so as to have 
—1 and +1 for its extremes; this adjustment, however, 
appears from the above treatment not as a mere piece of 
algebraic formalism, but as a natural corollary of simple 
geometric relations. 

When there are m variables instead of three, that is, 
m given (normalized) sets of n quantities each, the notation 
is to be changed by letting (w,,---, wn) stand for the co- 


* These relations, together with the conditions $x, = Sy, Sz, = 0, 
are satisfied if, for example, the x’s, y’s and z’s are respectively 


all the entries after the first three being zero in each parenthesis. 

+ In particular, such a combination as r12 = 713 = 723 = —1 is im- 
possible; it is readily seen that if 71271; —= —1, the third coefficient 723 
must necessarily be +1. 
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ordinates of the center of gravity of the m corresponding 
points of the unit sphere, so that 


1 


— 
—= V = Vm+2>7;;, 
(i = 1+2,°°°, m); 


4 m—2 
= 22-1 = 
m m 
- The quantities ;; are once more the coefficients of correlation 


of two sets at a time of the given m sets of numbers, supposed 
subject to the conditions 

LX, = Lh, = 2%, = = 0. 
It is readily seen, both algebraically and quasi-geometrically, 
that + varies from the value —1 at one extreme to the 
value +1, denoting perfect correlation, at the other. 

It is well known that the center of gravity of a system 
of particles corresponds to the solution of a simple problem 
in least squares. If the particles are of equal weight, as 
is assumed to be the case here, the center of gravity is 
the point so situated that the sum of the squares of the 
distances of the various particles from it is a minimum. 
Something analogous to the idea of least squares can be 
made apparent in the present connection under a slightly 
different form. 

Since cos 6 is approximately equal to 1— 4 6?, when 6 
is small, the minimizing of a sum of squares may be looked 
upon as related to the problem of making a sum of cosines 
a maximum. Let (4, #2,---,#x) be the direction cosines 
of an arbitrary* line OM, that is, an arbitrary set of n 
numbers subject to the condition 
lf the point M is taken at unit distance from the origin, 
the numbers yx will be its coordinates. Let the angles 
POM, QOM,---, be denoted by ,,%,,---, and let the 
problem be proposed of determining the yw’s so that 


* It is not assumed that s,= 0. 
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cosy, + cosy, +---+ cosg,, shall be a maximum. Since 
ete., the quantity s to be made a maximum is 


—«m + Wy My +... Wy 


or, if 2; denotes the kth direction cosine of the line from O 
to the center of gravity* 7, 


Wk w 
A = 


k = — 
Vw + wi+---+ 


k 


yf 
s = mr + + Anpin). 


The last parenthesis is the cosine of the angle TOM, and 
can not exceed 1, being equal to 1 when wx = %,, that is, 
when the line OM is drawn through T. So OT is deter- 
mined as the line for which the sum of cosines is greatest. 
The maximum value of the sum is seen to be m7. 

As cos, is equal to 


| 
1 —2sin? (59). 


it can also be said that the sum of the squares of the 
sines of the half angles has been made a minimum, and hence 
that there has been literally a solution of a problem in 
least squares. Let Z denote the point with coordinates 
(A;, 42,--+,4n), Where the line O7' pierces the unit sphere, 
and let ¢,,9,,---, now stand for the angles POL, QOL, ---. 
Then 2sin(}¢,) is the length of the chord LP, ete., and 
L is determined on the surface of the sphere as the point 
for which the sum of the squares of the rectilinear distances 
from P, Q,---,is a minimum. If these distances from P, Q,---, 
to are denoted by d,, do,---, 


then 


* The problem becomes indeterminate in the limiting case in which 
T fails at the origin. 
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m m 


9 
= 4>'sin? > = 
1 i i=1 


1 


= 2(m—mr), 


and 7, has the value 


But this reckoning does not seem to lead to any particularly 
simple geometric interpretation for vr. It may turn out, in 
some circumstances at least, that 7, is the more significant 
measure after all. 
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METHODS FOR FINDING 
FACTORS OF LARGE INTEGERS* 


BY H. S. VANDIVER 


1. Introduction. We shall examine, in this paper, the 
problem of finding factors of integers beyond the range of 
Lehmer’s factor tables, by methods shorter than that of 
dividing the integer by all the primes less than its square root. 

Three methods will be proposed here. The first two 
depend on the representation of the integer as a definite 
quadratic form, and the third on the representation as an 
indefinite quadratic form. As I hope to devote another paper 
to the development of the last two methods, only outlines 
and a few examples will be given in connection with them. 

The theory of quadratic forms has been applied in several 
different ways to the problem.7 

In particular, Seelhofft gave an expeditious method with 
the use of tables, which, however, is limited in application, 


* Presented to the Society, September 7, 1923, under the title 
A method of finding factors of integers of the form 8n+1. The 
author was enabled to carry out this investigation through a grant 
from the Heckscher Foundation for the Advancement of Research. 

7 Dickson, History of the Theory of Numbers, vol. 1, pp. 361-66. 
+ AMERICAN JOURNAL, vol. 7, p. 264; vol. 8, p. 26. 
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since if the integer is composite, it does not always enable 
us to determine the factors. 

The first method explained in the present paper applies 
only to integers of the form 8+ 1 and 12”-+ 1 which are 
the product of two distinct primes. Although the process 
will always yield the factors in a finite number of steps, 
it is impracticable on account of its length if the integer 
is as large as 10’. Unlike other methods, however, the parti- 
cular forms used are always the same. Hence they lend 
themselves conveniently to the construction of tables with 
a view of lessening the amount of computation involved. The 
theory of indefinite forms has been applied by Tchebycheff * 
to our problem, but the method is quite different from the 
one given here which involves indefinite forms. 


2. First Method of Factorization. Suppose that we have 
an integer m of the form 8n-+1 which is the product of 
two distinct prime factors. It is immediately seen that each 
factor has the same residue modulo 8, otherwise the pro- 
duct would not be of the form 8n-+1. If both are of the 
form 8n+1 or both of the form 8n-+5 then m may be 
presented in more than one way in the form 2*+ y?, x and y 
prime to each other. Similarly if both are of the form 
8n-+3 then m may be represented in more than one way 
in the form x?+2y?, x and y prime to each other. In the 
case where both are of the form 8n+7 it will now be 
shown that m may be represented in at least two different 
ways in the form 2~*—y?, where x and y are each </m 
and prime to each other. 

In a paper which appeared in this BULLETIN (vol. 22 (1915), 
pp. 61-66) I proved that if p is a prime and a is a positive 
integer prime to p, then there is at least one and not more 
than two sets (a, y) such that 


ay = (modp) 
when x and y are positive integers prime to each other 
and O<2<Vp, 0<y<Vp. 


* LIOUVILLE, (1), vol. 16, p. 257. 
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On page 64 of the same article, I remarked that the 
existence of at least one set (x, y) satisfying the conditions 


(1) ay = +z (modm) 


where m is composite followed also from the reasoning used. 
If two sets (x, y,) and (v2y2) are regarded as the same if 
and only if x; 42 — 22y, then for m any integer there are 
not more than two sets, a fact which was pointed out to 
me by Dr. C. F. Gummer. 

If 

kx, = y, (modm), 


> 
| kr, = ys (modm), 


where and are each < then from the 
first congruence 
= xray, (modm); 
and from the second 
Lay, —= (modm). 
This gives, on account of the range of values for the z’s 
and 7s, 
= +m OY 

and the last relation can exist only if we regard the sets 
(x,, y:) and (x2, yz) as the same. If the first relation holds 
and therefore the two sets exist, then a third set different 
from them cannot exist. To show this we note in (2) that 
we may take both z, and z2 positive, and if this is done 
then it follows, using the relation y2.2;—z2y, = +m, that 
y, and ys have opposite signs. Hence we may write 

kx, = y, (modm), 

kas = ys (modm), 
where xz, and zs are positive and y, and ys have the same 
sign. It follows as before that 

— 
and this is impossible since the expression on the left is, 
in absolute value, less than m. 


| 
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Now consider the solution of 

(3) = 0 (modm), 

where m is the product of two distinct prime factors each 
of the form 8x+7. There are four incongruent roots of 
the congruence which we will designate by a, —a, b, —b, 
where a=-+b6. According to the theorem first proved 
we may write 

av =w (modm), 


bv, = w, (modm), 
where |v}, |w|, are each less than Vm. Squaring 
and using (3) we have 
= 0 (modm), 
(4) 
= 0 (modm), 
or, 


= (modm), 
and since m is odd, 
(5) (vwy~— (vw, + = (modm). 
Also from (4) we have 
| = m. 


(6) 


We shall now show that in (5) one of the factors on the 
left is divisible by a factor of m but not by m. For if 


vw,+vw = 0 (modm), 
then, since v, w, v,, w, are all prime to m, we have, from 
(4), since m is not divisible by a square, 


or 
a = —b (modm), 
contrary to hypothesis; and if 
vw,— = 0 (modm 
then 
a = b (modm), 


which is also contrary to hypothesis. 


35 


v 
— = — (modm), 
w Wy 
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Consequently, by taking the smallest positive factor 
in (5), and finding the greatest common divisor of it and m, 
we obtain a factor of m. 


THEOREM. If a number m of the form 8n-+1 is the 
product of two distinct primes then it is expressible im at 
least two different ways by one of the forms x*+ y*, z?+2y?, 
and 2y?—zx*, where x and y are each positive and < Vm. 
It is also possible to find two such representations which 
yield, by a direct process, a factor of m. 

This theorem gives the following scheme for finding 
a factor of an integer of the form 8n+1. 


(1.) Divide the integer by all primes less than its cube 
root. If it is divisible by a prime within this limit which 
is not of the form 8n-+1, the process cannot be carried 
further. Otherwise we may proceed as follows. 


(2.) Extract the square root of the possibly new number m. 
If it is a perfect square, all the factors of m are known, 
as it cannot have more than two distinct prime factors 
other than unity. If m is not a perfect square we proceed 
to the third step. 


(3.) Find by Gauss’ method of exclusion all representations 
of m in the form z*+ 7. If there is but one representation, 
then m is prime. If there is more than one, then the factors 
of m may be found from the several representations. If there 
are no representations then proceed to the next step. 


(4.) Find by the method of exclusion all the representations 
of m in the form 2y?—2*, where x and y are each < Vm. 
It cannot have a unique representation, as it follows from 
this that m is prime, and this would have been detected in 
step 3. If there is more than one representation then the 
factors of m may be found from them. If there are no 
representations then we use the fifth step. 


(5.) Find by the method of exclusion all the representations 
of m in the form z*+2y*. The factors of m are obtained 
from the several representations. 
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3. Example. Let us show how to factor 532481 — N. 
Divide by all the primes < 82, since [YN] — 81. It is found 
that N is not divisible by any of these primes. Also WN is 
not a square. Hence it is prime, or is the product of two 
distinct primes. We seek first all the values x, y, such that 

= N. 
Either x or y is odd* and each is <730. Suppose z is odd. 
Also N = 2 (mod 3). This gives x = +1 (mod 3), since if 
x = 0 (mod 8) we find y? = 2 (mod 3), which is impossible. 
Hence since zx is odd, we have x = +1 (mod 6). Now N=1 
(mod 5); and, in a similar way, we find « = 0, +1 (mod 5). 
Therefore x = 1, 5, 11, 19, 25, 29 (mod 30). We have N=5 
(mod 7), and « = +1, +2 (mod 7). Modulo 210, x has the 
possible residues 1, 5, 19, 29, 41, 55, 61, 65, 71, 79, 89, 
121, 125, 131, 139, 145, 149, 155, 169, 181, 191, 205, 209. 
Similarly x has the possible residues 0, +1, +2, +5 (mod 11); 
and we then set down the least possible residues of x modulo 
11-210, which are less than 730. We find 68 numbers. 
Using the modulus 16, we may exclude numbers of the 
form 3, 5, 11 and 13, modulo 16. Similarly we may exclude 
numbers of the form 1, 4, 6, 11, 14, 19, 21, 24, modulo 25, 
and 3, 4, 5, 10, 11, 12, modulo 13. This leaves 12 possible 
values for z which we may test directly, and we find none 
that will give a representation of N in the required form. 

We now proceed to step 4 and find all representations 

of the form 


2y? 
wheres: andyareeach < N. Inthisrelation516 < y < 730. 
Also y = 1 (mod 2). Possible values of y satisfy y = 0, +1 
(mod 5), y = 0, +1 (mod 7). Modulo 70, y has therefore 
the possible residues 1, 15, 21, 29, 35, 49, 55, and 69. We 
find similarly y = 0, +3, +4 (mod 9). We then write down 
the integers between 516 and 730 having the above properties 
and find 519, 525, 545, 561, 581, 589, 609, 615, 645, 651, 
679, 699, 715. 
* The work could have been made shorter here by taking x even 
and noting that « = 0 (mod 4). 


35* 
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Now y cannot be congruent to 0, 4, 5, 6 or 7 (mod 11), 
and we may exclude integers of this type from the above 
set, leaving 519, 525, 581, 615, 651, 679. Actual trial of 
all these gives only two representations, 

2 - 525°— 137? — 2.519°—79? — N, 
and 
525-79— 519-137 — 29628. 
The greatest common divisor of NV and 29628 is 823. Hence 
N = 823 - 647, each of which is a prime. 

A similar method may be applied to integers of the form 
12n-+-1. If Nis of this form and the product of two distinct 
primes, then each has the same residue, modulo 12. If both 
are of the form 12n+1, or 12n+-5, then N is expressible 
as the sum of two squares. If each is of the form 
12n+7 then N = x*+ 3y”. If each is of the form 12n+ 11 
then it may be shown that 2NV = 3y?—2”, where x and y 
are each < VN. For in case the congruence u2—3 = 0 
(mod N) is solvable and if a is one of its roots then ma =k 
(mod NV) where m and k are each < VN, and therefore 
3m*?—k* = 0 (mod N) and 3m*—k*? = N or 2N. But the 
first case is impossible, since N = 1 (mod 3). We then have 
all the material necessary to carry through a method for 
factoring integers of the form 12”-+-1 analogous to that 
described for the case 8n-+1. 


4. Second Method of Factorization. The second method 
of factorization is briefly as follows. Find by known 
methods a negative integer —a which is a quadratic 
residue of m, the integer to be factored (m not a perfect 
power). From a known result in the theory of quadratic 
forms it follows that, corresponding to every root u of the 


congruence u*= —a (modm) there is a set of integers 
xz, y and k such that 
(1) ay? = kn, 


k<2Va/3, x and y prime to each other.* From (1) 


* This theorem was used by H. J.S. Smith, Works, vol. 1, p. 148 
in the solution of the quadratic congruence. 
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we have (—a/k,) = 1 where k, is any divisor of k, and 
(kn/a,) = 1 where a, is any divisor of a. We select the k’s 
satisfying these conditions, and also k<2Va/3 and we 
find the possible forms 
r+ ay? = k,n, 

s=1,2,....i. Find by Gauss’ method of exclusion or 
other schemes all actual representations of this type; then 
all factors of m may be found from them, by known 
methods. 

It is best to select a, if possible, so that it contains 
several small primes as factors since this will diminish 
the number of possible values of k. 


5. Example 1. n = 532481. In order to find values 
of a as described above, expand /n as a continued 
fraction. We have the corresponding values given in the 
following table. 


Denominator of | Terms in cont. 


comp. quotient fraction 
1 729 
| 1040 = 5-13-4? | 1 
419 2 
608 = 4?.2-19 | 
95=5-19 | 14 
| 1280 = 162-5 1 | 
97 14 
160 = 4°-2.5 9 | 
79 | 18 


Hence —5-13 is a residue of n, —19-2 is an #& (residue), 
5-19 is an R, —5 is an R, —10 is an R, whence 2 and 13, 
—19 and —5 are residues. Also 79 is an R. Hence 
—a = —2-5-13-79 is a residue. Hence 

ay? = kn, 
where k<118. From the relations p?—nq? = +d, where 
is a convergent and a denominator of comp. 
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quotient in development of Yn we have (n/13) = (n/79) 
= (n/5) =1. Hence also (k/5) = (k/13) = (k/79) = 1. 
This gives k = 0, 1, 4(modd) and k = 0,1, 3, 4, 9, 10, 12 
(mod13). We set down the integers 


3 9 0 8 
27 29 30 35 36 38 = 39 
40 42 43 48 49 O51 52 
53 55 56 61 62 64 = 65 
66 68 69 74 7% Ti 178 
79 #81 82 87 88 90 = 91 
92 94 95 100 101 103 104 

105 107 108 113 114 #115 117%. 


We note also that k = 0, 3, 4, 5 (mod 8); using this with 
k = 2 or 3 (mod 5) we have remaining 
1 9 10 14 2 2% 
30 39 49 5d 6d 
6 4 90 
94 95 105 114. 


—2-5-13-79 
7 
Hence k cannot be a multiple of 3 or 7. Moreover, it is 
evident that k is not divisible by 5*. This leaves 
1 10 26 55 65 
74 94 95. 


From x*+ ay® = 10n we have 527+ 2-13-79y? = 2n 
whence (13-79/5) = 1 which is incorrect; this excludes 10. 
Similarly 26 is excluded, also 65. We have (74/79) = —1 


- (94/79) and these are then excluded leaving 1, 55, 79 
and 95 as possible values of k. Let us now examine 


=n. 


Here y ranges from 1 to 7 
which gives us 


inclusive, and it must be even, 


701? + 10270-2* = n. 


We have 
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For k = 55, we have 52*+2-13-79y? =11n. Using 
Gauss’ method of exclusion we have 
y=+2(mod5), y==1(mod 2), 
y >= 0 (mod 3), y = + 2 (mod 7), 
5- 1073? + 2-13-79-77 = lin 
and the two representations give n — 823-647. 


whence 


6. Example 2. n = 13179643 (an 8-figure number se- 
lected at random, except that it is not divisible by small 
integers). 


Denominator of com- | Term of cont. 

plete quotient fraction 

1 3630 
2743 = 13-211 2 
13?.3-7 = 3549 1 
2906 1 
3-17-79 = 4029 1 
1303 4 
3-11-173 = 5709 1 

2.193 386 | 


Hence we may take a = 2-3-7-193 = 8106, 
(1) x* + ay? = nk, 
k<2Va/3 or k< 104. Also (n/3)=(n/7) = (n/193) = 1 
and (k/3) = (k/7) = (&/193) = 1. k=O or 1 (mod 3), 
k=0, 1, 2, 4 (mod 7); hence, modulo 21, the residues of 
k are 1, 4, 7,9, 15, 16, 18, 21, so the values of k may be 
written 
1 4 7 

22 2 28 30 36 37 39 42 

48 46 49 51 57 58 60 63 

64 67 70 72 7 79 81 84 

8 88 91 93 99 100 102. 
Also k = 0, 4, 5, 7, (mod 8). Using these conditions together 
with the methods employed in the last case gives 


k = 1, 25, 42, 43, 46, 67. 


| 
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Hence the factors of m may be found by using these values 
of k in (2). 
For the same value of n, 
n = 3630°?+ 13-211, 
we may take a = 13-211. This gives 
k = 1, 13, 16, 43, 49, 53, 56. 
Let n = 11432767. Heren = 33817+ 1606; 1606—2-11-73 
Let us now examine 
x* + 1606 = kn. 
We find k = 1, 25, 23 or 38. 
Let n = 236364091, the numerator of the 12th Bernoulli 
number; then 
n = 15374? + 4215, 
kn = 2? +3-5- 281 y?, 


whence, using previous methods, k —1, 16, 31, 39 or 64. 


7. Case of Periodic Continued Fractions. In applying the 
schemes outlined in the second method we may find at the 
beginning that, after a few operations, we have developed 
a period of the continued fraction for Yn. Suppose* that 
the period has 2r terms, say 


Mi, Mr-1; b, Pr—2;+++; My, ¢; 


then d,, the denominator of the complete quotient corres- 
ponding to b is a divisor of 2n. Since b is not the 
last quotient in a period then (—1)’d,+1, and therefore 
(—1)d,—-—1, +2, or some factor of m not unity. Also, 
if the period has an odd number of terms then 27—ny? = —1 
has solutions. It then follows that ether a factor of n 
has been found, or else n is expressible in one of the forms 
y*, 2*+2y? or and y each <Vp. In 
cases where the factor is not derived as a divisor of d,, 
however, it is more expeditious to expand the square root 
of some multiple of n as a continued fraction to find suitable 
values for a. 


* Marcker, CreLxe, vol. 20 (1840), pp. 355-59. 
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8. Example. Let us factor n = 36343817. A period 
in the development of Vn is 1, 1, 2, 1, 1, 12056, and 
ds = 4019, whence n = 4019 - 9043. 


9. Third Method of Factorization. The third method 
depends on representing the number as an indefinite quad- 
ratic form. In a paper already cited I proved that there 
exists at least one set of positive integers (7, y) such that 
ay =-+<zx (modm) where a is any integer prime to the 
integer m, x and y each <Vm. Hence if there exist 
roots of the quadratic congruence «? = a (mod nm) then 
corresponding to each root #,, we have a set (x, y) such 
that wy =-+-2 (mod n), « and y< Vn, and we have 
ay? — x* = 0 (mod n) or ay?—x? kn where 0<k<a. 


10. Example. Let us consider n = 13179643. The 
development of /n as a continued fraction (given above) 
shows that 21 is a quadratic residue of n, and therefore 


212?— = kn 


where 0<k<21, also x and y<Vn. The continued 
fraction development gives (n/7) — 1, (n/3) 1, hence 
(k/7) = —1, (k/3) = —1. Using (k/3) = —1 we have 
as possible values of k 

2 3 5 6 8 9 

11 12. 18 
We have k = 1, 2, 4 (mod 7) and k =£ 0, 2, 6 (mod 8), 
which leaves 3, 5, 12 and 17 as possible values. Note that 
V&4+Dn/21 >a> Vin/21. 

Since writing what precedes, I have examined Kraitchek’s 
Théorie des Nombres (Paris, 1922). This book contains tables 
that are admirably adapted for use in connection with any 
of the three methods described in this paper. Kraitchek 
tabulates the incongruent values of x in 2*+ Dy? = N 
(mod ge), where @ assumes various small values. 


CoRNELL UNIVERSITY 
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THE THIRD EDITION OF PICARD’S TRAITE 


Traité d’Analyse. By Emile Picard. Troisi¢me édition. Revue et aug- 
mentée avec la collaboration de Gaston Julia. VolumelI. Paris, 
Gauthier-Villars, 1922. xvii+ 593 pp. 

Professor Picard’s Traité d’Analyse has for many years past been 
regarded as one of the classics of modern mathematical literature. It 
is therefore to be presumed that most of the readers of the BULLETIN 
are familiar with the second edition of the present volume, which 
appeared more than twenty years ago and was reviewed* at that time 
by the late Professor Bécher. Hence the present review will be con- 
cerned only with the changes and additions that have been made in 
the third edition. 

The additional material comprised in the present volume amounts 
to about one hundred and ten pages, nearly one-fourth the content of 
the first volume of the second edition. With the exception of a few 
pages on non-euclidean geometry added to part three, the additions 
are scattered through parts one and two, the great bulk of them being 
found in part two, and particularly in that portion of it which deals 
with trigonometric series. 

In part one the additional material is found mainly in more complete 
discussions of certain standard topics already treated in earlier editions, 
such as the first and second laws of the mean, functions of bounded 
variation, and change of variables in double integrals. Aside from the 
introduction of this supplementary material, a number of changes in 
the exposition have been introduced in certain portions of the text. 

Part two is devoted mainly to a discussion of potential theory and 
trigonometric series. As mentioned before, the additions are much more 
extensive than in part one, covering in all some eighty-two pages. 
Moreover, the changes in that portion of the text carried over from 
the second edition are much greater than in the case of part one. In 
those sections dealing with potential theory, the order of presentation 
has been considerably changed and much rewriting has been done. But 
it is the chapter dealing with trigonometric series (now Chapter X) 
that has undergone the most extensive alteration. This was to be 
expected, of course, since this is the particular topic of volume one 
whose theory has been most enriched by the researches of the past 
twenty years. The major portion of the new material introduced is 
related to certain of these researches, and as only a few could be utilized 
in this fashion, it is interesting to note what choice Professor Picard 


* Cf. this BULLETIN (2), vol. 8 (1901-02), p. 124. 
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has made. We discover that the inspiration for most of the additions 
is to be found in the writings of three men, Lebesgue, Bécher and Fejér. 

In discussing the Jordan criterion for the convergence and uniform 
convergence of Fourier’s series and related topics connected with the 
representation of arbitrary functions, the author has adopted the point 
of view introduced by Lebesgue in his fundamental memoir of 1910, 
Sur les intégrales singuliéres. The essence of this method consists in 
proving first a number of general theorems regarding the behavior of 
integrals of the type c S(@) ¢(@,n)d« when the parameter n of the 
so-called kernel, ¢g(«,n), becomes infinite. It is then found that many 
highly important results, such as the classical results regarding the 
convergence of Fourier’s series, Fejér’s theorem regarding their summa- 
bility, and the behavior of Poisson’s integral, appear as special cases 
of one or the other of these general theorems. The advantages of this 
form of treatment are considerable. The reader is spared needless 
repetition of proofs that are essentially similar, and he is shown the 
underlying unity of a certain group of fundamental theorems. 

One of the interesting properties of Fourier’s series that for a long 
time remained unnoticed, is the fact that in the neighborhood of a finite 
jump of the function developed, the oscillation of the approximation 
curves (the curves y = Sn(x) where S,(x) is the sum of the first n 
terms of the series) does not approach as a limit the value of the finite 
jump, but a quantity exceeding it by about eighteen per cent of its 
magnitude. This property was first pointed out by Gibbs in 1899, in 
a letter to Nature. Gibbs’s statement was extremely brief and appa- 
rently attracted no general attention. In 1906 Bécher included in his 
well known monograph, Introduction to the theory of Fourier’s series, 
a discussion of the property in question (called by him Gibbs’s pheno- 
menon), which exhibited in a very illuminating manner its most important 
features. In the volume under review, section 16 of Chapter X is devoted 
to an exposition of Gibbs’s phenomenon which follows quite closely the 
treatment in Bécher’s monograph. In the title heading of the section, 
however, the property in question is referred to as “Phénoméne de 
Du Bois-Reymond et Gibbs”, and at the end of the section reference 
is made to an article by Du Bois-Reymond in volume 7 of the MATHE- 
MATISCHE ANNALEN. An examination of that article has failed to con- 
vince the reviewer that there is any justification for associating the 
name of Du Bois-Reymond with the phenomenon under discussion. It 
is true that there are certain formulas in the article from which Gibbs's 
phenomenon might have been deduced, but the deduction was not made. 
It is a little difficult to interpret the meaning of such discussion of 
the formulas as is given,* inasmuch as this discussion contains several 


* Loe. cit., p. 254. 
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erroneous statements. The most natural interpretation, however, would 
lead one to conclude that Du Bois-Reymond was under the impression 
that in the neighborhood of a finite jump the approximation curve 
approaches a limiting curve in which the vertical portion is the line 
joining the loose ends of the curve representing the function, and that 
he was entirely unaware of the fact that this vertical part extends 
beyond the loose ends in question by an amount that bears a definite 
ratio to the magnitude of the finite jump. Therein lies the whole point 
of Gibbs’s noteworthy discovery. 

In the case of so keen an analyst as Du Bois-Reymond, who had, 
moreover, penetrated deeply into a number of questions concerning the 
convergence and divergence of Fourier’s series, one is at liberty to 
suppose that he may actually have noted Gibbs’s phenomenon and that 
this fact is concealed by the errors above mentioned. But at best this 
is mere conjecture, and is hardly a sufficient reason for attempting to 
give him priority over Gibbs in the matter. 

One of the most important of the well established contributions of 
Du Bois-Reymond to the theory of Fourier’s series is his discovery of 
continuous functions whose developments in Fourier’s series diverge 
at certain points. The examples he gave of such functions are quite 
complicated, and as the property is such a fundamental one it is highly 
desirable to have simpler examples, particularly for use in instruction. 
This need has been admirably met by Fejér, who, starting from certain 
principles of construction introduced by Lebesgue and Haar, succeeded 
in forming very simple examples of continuous functions that exhibit 
the so-called singularity of Du Bois-Reymond. One of these examples 
is discussed in detail by Professor Picard in section 17 of Chapter X. 
This example leads naturally to the consideration of methods of summing 
Fourier’s series in the cases where it is divergent. In sections 19-22, 
Ceséro summability of order one is discussed, and Fejér’s theorem re- 
garding its application to Fourier’s series is established. 

Most of the other new material in Chapter X does not deal with 
recent researches, but is based on results obtained before the publication 
of the second edition. Among the topics discussed may be mentioned 
Dini’s condition for the convergence of Fourier’s series, and de la Vallée 
Poussin’s theorem regarding the series formed from the squares of the 
Fourier coefficients of a given function. 

With the exception of the introduction of a brief discussion of non- 
euclidean geometry, mentioned above, the remainder of the book ex- 
hibits no material change from the second edition. 


C. N. Moore 
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The Rhind Mathematical Papyrus. By T. Eric Peet. Liverpool, The 
University Press, and London, Hodder and Stoughton, 1923. Pp. 
(4) + 136 + 24 plates. 


In the history of mathematics the one outstanding original document 
of the ancient world is the so-called Ahmes Papyrus. Its importance 
is not due to the value of the work as a contribution to the science 
of mathematics, but to its value as a historical document, it being the 
only extensive treatise upon the subject existing in the form of a 
manuscript written before the beginning of the Christian era. It dates 
from about the middle of the second millenium before Christ and is 
now, with the exception of a small fragment, in the British Museum. 
Curiously enough, this small fragment has recently been found in the 
collection of the New York Historical Society, the original discoverer 
having apparently sold this piece separately. We have many older 
documents relating to mathematics, chiefly in the form of Babylonian 
tablets, but they are not treatises of any extent, valuable though they 
are as showing the symbols and tables of the Mesopotamian civili- 
zation. 

The general nature of the work is well known. Eisenlohr published 
a German translation of it more than fifty years ago, and Professor 
Archibald has listed a large number of articles upon the subject, written 
by some seventy-five different scholars. For the present purposes, 
therefore, and in view of the limited space at the disposal of the reviewer, 
it is not proposed to speak further of the significance and the special 
features of the manuscript itself, but to call attention to the nature 
of the work done by Professor Peet. 

It has long been patent, even to those who have no special training 
in Egyptology, that both the translation made by Professor Eisenlohr 
and his commentary upon it were in need of revision. Our knowledge 
of the history of the Egyptian people and their language and rulers 
has made much progress in half a century. There was therefore a need 
for a first-class student of history, of ancient epigraphy, of language, 
and of metrology who should undertake the task of translating the 
papyrus and of explaining its contents and its general significance. To 
undertake such a piece of work Professor Peet, Brunner professor of 
Egyptology in the University of Liverpool, an Oxford man of high 
standing, was unusually well qualified and he seems to have executed 
his mission with the thoroughness of a British scholar. 
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As one examines the impressive work, mechanically a product of the 
University Press of Liverpool, three questions of moment arise: (1) What 
is the distinguishing feature of Professor Peet’s work? (2) What does 
the work tell us that is new concerning the man Ahmes (whose name 
Eisenlohr transliterates as Aah-mesu, and Professor Peet as Ahmdse) 
and his time? (3) Is the work a scholarly production that should stand 
forth as an authority and have a place in our libraries of reference? 

As to the first question, the author has given us a new translation, 
made from the facsimile published by the British Museum in 1898 and 
from the New York fragment. Moreover, he has greatly assisted the 
student by transliterating from the difficult hieratic of the original to 
the relatively simple hieroglyphic form of which a considerable part 
can be understood after only a little study. The translation and dis- 
cussion show evidence of the scholarly way in which the whole under- 
taking has been carried through. If the work contained nothing else, 
it would rank high as a source book in the study of an interesting 
and important phase of the ancient Egyptian development of “the 
science venerable.” No doubt the layman would have welcomed an 
explanation of the diacritical marks and a brief statement as to the 
probable pronunciations used by the ancients, but these are matters 
that can be found in linguistic treatises and which, after all, have no 
special bearing upon the mathematical problem involved. 

As to the second question, the work is helpful as locating a little 
more definitely, for the time being at least, the probable period in which 
the manuscript was written. This has long been a matter of dispute. 
Eisenlohr was of the opinion that it dates from c. 1700 B. C. and was 
a copy of an earlier work made in the time of Amenemhat III. The 
manuscript itself, as now translated, contains this statement: 

“Behold this roll was written in Year 33, month 4 of the inundation 
season, [...] and Lower Egypt Aauserré’, endowed with life, in the 
likeness of a writing of antiquity made in the time of the King of 
Upper and Lower Egypt Nemaré‘. It was the scribe Ahmdse who 
wrote this copy.” This Nemaré‘ seems to have been the Amenemmes 
(Amenemhat) III of the twelfth dynasty, who reigned from c. 1849 to 
1801 B.C., so that the original work of which we have the copy made 
by “the scribe Ahmdse” seems to date from c. 1850 B. C., or the half 
century following. 

As to Ahmes himself, Professor Peet places the date of Aauserré‘ 
(Apophis, Apepa I) as ‘“‘some time between 1788 and 1580 B. C.” There 
is an indorsement on the roll, seemingly of about the same period, which 
has given rise to much speculation, some authorities having placed it 
as late as 1321 B.C. It can hardly be said, therefore, that the date 
is yet fixed with certainty, and perhaps we are fairly safe in saying, 
at least until more precise data are found to change the opinion, that 


1924. ] PEET'S RHIND PAPYRUS 559 


it was written c. 1600 or c. 1550 B.C. In a work on the Egyptian 
Collection in the British Museum, written by E. A. Wallis Budge 
and published in 1908, no precise dates were given for Aa-user-Ra 
(Aausserré‘) and he was not included in the Museum list of prominent 
rulers. We have, however, in the work under review, the latest 
chronological information at hand. A more precise date is of little 
moment in this connection. 

As to the third question, the scholarly nature of the work, the answer 
would seem to be definite. The translation doubtless represents a degree 
of excellence not heretofore reached with respect to this important 
document, and perhaps not to be surpassed. It is futile to say that 
research in the field of Egyptology will not permit of the removal of 
certain doubts which Professor Peet himself has mentioned, and for a 
more satisfactory interpretation of certain problems, but for the present 
we have reason to be thankful to him, to the University of Liverpool, 
and to Messrs. Hodder and Stoughton, for what has been done in the 
preparation and the printing of this noteworthy work. 

As to the other side of the case it may be said in general that after 
a treatise like this is in print there is little or no use in wishing for 
changes. Fault finding for its own sake is an easy task, but it is an 
ungracious act unless it results in corrections that would otherwise 
escape attention or warns the reader against a book which is poorly 
written or is generally unreliable. 

The chief adverse criticism of Professor Peet’s work will probably 
be that it is so good that the reader wishes it had heen carried to 
greater length,—say with the hieratic along with the hieroglyphic, with 
perhaps a transliterdtion in Latin letters and a translation directly 
connected with it, and possibly with a table of pronunciations,—a 
criticism of no real significance. The only complaint of the present 
reviewer is that the descriptive statement preceding the translation 
is not arranged as he would have planned it, which only shows that 
we all have our idiosyncracies. 

The book has a list of the technical words discussed in the text, 
and an index which has not proved as helpful in actual use as the 
reviewer had hoped. 

Professor Peet’s work should be in all our university libraries, and 
in public libraries of any pretense to completeness in the matter of 
standard books of reference. Those who are interested in the history 
of science will naturally wish, in spite of the high post-war price, to 
add it to their own collections. 

Davip EvGENE SMITH 
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SHORTER NOTICES 


A Manual of Field Astronomy. By Andrew H. Holt. New York, 

Wiley, 1917. 10+ 128 pp. 

This book is designed to meet the demand for something “less 
extensive than most texts on the subject and yet more complete than 
the usual chapters on the subject in books on surveying.” It is “ planned 
especially for engineers, rather than astronomers, the methods described 
being those for use with field instruments under ordinary field conditions.” 

After an introductory chapter, the various systems of coordinates 
and the astronomical triangle are explained. Then follow chapters on 
Measuvement of Time, The American Ephemeris and the Nautical 
Almanac, Problems in Conversion of Time, Corrections to Observations, 
Observations for Latitude, Azimuth, Time and Longitude. The appendix 
contains the derivations of the necessary formulas in spherical trigo- 
nometry, a description of the solar attachment for transits, a set of 
tables, and a number of typical problems completely solved. 

The treatment is eminently practical throughout. Under each topic 
there is given: first, the relations and theory on which the method depends, 
then the procedure is outlined, step by step, under the general headings: 
Computation preceding field work, Field work, and Computation following 
field work. This outline is supplemented by reference to the solution 
of a typical problem. Thus the student learns exactly what things he 
is to do, and exactly how, when, and in what order, he is to do them. 

The diagrams are excellent, the book is attractive in make-up, and on the 
whole this is the best brief treatment of the subject that the writer has seen. 


C. H. CurRIER 


The Elements of Theoretical and Descriptive Astronomy. By the late 
Charles J. White. 8th edition, revised by Paul P. Blackburn. 
New York, Wiley, 1920. 11+ 309 pp. 

Originally published in 1869 to meet the requirements of the 
U. S. Naval Academy, successive editions “have simply brought the 
treatment of the subject up to date without making material changes 
in its form.” The book is largely a discussion of theoretical astronomy, 
descriptive astronomy being treated very briefly. Thus in the chapter 
on the planets, Mars is dismissed with a page, while two pages are 
devoted to a discussion of how to find the heliocentric longitude of 
the node of a planet. No exercises to be solved or questions to be 
answered by the student are inserted. 

Some important topics are either left out altogether or treated briefly. 
Thus there is no mention whatever of standard time in the chapter on 
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time; the discussion of spectral types is incomplete, as is that of the 
form of the earth, while the problem of the source of the sun’s heat 
is not considered at all. The discussion of longitude would be clearer 
if the chapter on time were placed earlier in the book. 

For the most part the explanations are clearly given, and few errors 
have been noted. An annular eclipse is not limited to the point where 
the axis of the cone, prolonged, meets the earth (p. 154). A planet 
east of the sun does not always set after the sun has set (p. 176). 
Saturn is not usually credited with ten satellites (p. 196). The light of 
the planets, we are told (p. 204) produces only the ordinary spectrum 
of reflected solar light. The explanation of the method of numbering 
comets (p. 208, note) is not correct. We learn (p. 243) of a first mag- 
nitude star in Ursa Major. 

The most valuable feature of the book is the series of diagrams, 
84 in number, illustrating the more important terms and relations of 
theoretical astronomy. The diagrams are excellent, and the derivations 
of the formulas are clearly explained. The appendix contains a summary 
of the necessary mathematical definitions, theorems, and formulas from 
plane and spherical trigonometry, analytic geometry, and mechanics, 
as well as a brief chronological history of astronomy and navigation, 
tables summarizing the more important facts, and some excellent 
reproductions of Yerkes Observatory photographs of celestial objects. 


C. H. Currier 


Mathematische Bevilkerungstheorie, auf Grund von G. H. Knibbs’ 
“The Mathematical Theory of Population”, dargestellt von E. Czuber. 
Leipzig, B. G. Teubner, 1923. xvi-+357 pp. 

Knibbs’ Theory of Population, printed in 1917 in Australja, is one 
of those remarkable original works that we have from time to time 
from Englishmen. There are probably many things in it that will 
not stand the test of time, but the conception of the work is so large 
that its influence will remain for a long while. Czuber saw a notice 
by Knibbs in the first number of Merron, obtained a copy of the work 
through the kindness of the author, recognized at once, as Czuber 
would, the great importance of the work, and has given us a German 
reworking of it in somewhat condensed form. The reduction in total 
length is about 25°/o; the number of tables has been cut by 15°/o, and 
the list of serially numbered formulas by 40°. Yet a comparison of 
the German with the original version does not reveal any cuts or mo- 
difications so serious that the original author could well feel that he 
has not been adequately rendered, or that the reader to whom the 
German may be more accessible need feel the necessity of consulting 


the original text. 
E. B. Wisox 
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Cours d’Astronomie. By H. Andoyer. Paris, Hermann. 

Premiére partie: Astronomie théorique, Third edition, 1923. 455 pp. 

Seconde partie: Astronomie pratique, Second edition, 1924. 316 pp. 

The third edition of the first part of Andoyer’s comprehensive text 
on spherical astronomy (Astronomie théorique) has undergone conside- 
rable changes when compared with the two previous editions. The 
changes affect the theory of precession and that of the eclipses of the 
Sun and the Moon. There is besides in the new edition an additional 
chapter which deals with the determination of a Keplerian orbit, when 
three approximate observations are given. The material of the text 
is subdivided into four larger sections (livres); each section contains 
a number of chapters. There are altogether twenty chapters. The 
author’s acknowledged mastership has given to science a text which 
ranks well with the four volumes of Tisserand’s Mécanique Céleste. 
Very few and rather insignificant misprints have been noticed. It is 
observed that very few references are given, and an index‘would have 
added considerably to-the usefulness of the text. The reader familiar 
with the English or German notations in spherical astronomy will 
probably wish that terms like hour angle (rz) and sidereal time (6) had 
undergone no changes in notation. Likewise it would seem that to 
represent a star by letter M is not very fitting, particularly when the 
parallactic angle is represented by S. We notice on page 120 the 
notation ¢ for sidereal, t for mean solar, and H for apparent solar 
time, which seems not very good usage. 

In the introductory section one chapter is devoted to spherical 
trigonometry. No restrictions are based on the magnitude of sides 
and angles of the “general” spherical triangle. The formula 
cos V=cose-cose’ + cosf-cosp' +cosy-cosy’ is made the basis of the 
general study and by purely algebraic transformations all of the systems 
of formulas used in spherical trigonometry are derived. The con- 
sideration of adjoined spherical triangles and polar triangles employed 
for elementary spherical trigonometry are here replaced by trans- 
formations ‘‘S” and “T”’. The invariants 

D = 1— cos? a— cos? b— cos? + 2 cos a cos b cose 
= 4sin s sin (s—a) sin (s—b) sin (s—c) 
and D’'= 1— cos? A— cos? B— cos? C + 2 cos A cos BeosC 
= 4 sino sin(A—$) sin(B—$) sin(C—$) 
where 28 = a+b+c, 20=>A+B+C—z, play in this theory an 
important role. 

In the second and third sections the theory of the corrections is 
given which are to be applied to given observations. The reader will 
find among these the theory of refraction very attractive since very 
short and quite original. Designating the refraction on the path C 
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by R, the radius vector by r, the index of refraction by n, the zenith 
distance of observed ray of light by z, the author employs for R a 
power series development in tan z) as follows: 


= A tan B tan*®z)-+ C tan®z>— D tan’z+---. 
He shows that the coefficients A, B, C, D can be determined approxi- 
mately for 29<. 75° with an error not exceeding 0” 1 without establishing 
first the connections between the variables r and n by means of in- 
troducing three new functions in the customary way. These functions 
involve the density of the air, the atmospheric pressure and the tem- 
perature. The horizontal refraction cannot be dealt with so easily. 
Here an assumption of a relation between the température and density 
of the air is of course necessary. The auxiliary function 


¢g(u)— = o(u)du 


is put in the form g(u) = a-e~™ and Andoyer shows that the com- 


putation of R will then be be such a form that Radau’s tables for 
(ac) where V(x) = = ("= dx become readily available. A com- 


parison of Andoyer’s value of R with that of Radau for a mean con- 
dition of the atmosphere shows that his value differs only by 20” 
from that of Radau, obtained in a much more laborious manner. Such 
an agreement for horizontal refraction is all one may ask for. 

For the presentation of the theory of precession and nutation the author 
has written an introductory chapter (X) on Keplerian motion and a general 
outline of planetary perturbations. It would have been highly desirable to 
extend the scope of this chapter so as to include the fundamentals in the 
theory of a rotating body. Chapter XI requires a facile knowledge of both 
and presents probably more difficulties to the reader than any other chapter. 

Of the second part written in collaboration with A. Lambert it will 
suffice to say that W. W. Campbells Practical Astronomy is probably 
the nearest approach in the English language to the presentation of 
the subject matter in this book. While, in the study of the equatorial, 
reference is given to the photographic instrument by which the “carte du 
ciel” is obtained, there is no chapter devoted to the reflecting telescope. 
The text contains nine photographic cuts some of which illustrate new 
instruments or instrumental accessories. Since only French makes are 
selected, it can hardly be said that the great advance in instrumental 
equipment which the last quarter of century has witnessed in this 
country and elsewhere is given sufficient recognition. 

Kurt Laves 
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Lecons de Mécanique Rationnelle. By Francois Bouny. Volume I. Paris, 

A. Blanchard, and Mons, Librairie Leich. viii 600 pp. 

This is the first volume of a course on theoretical mechanics given 
to students at the Ecole des Mines et de Métallurgie du Hainaut, and 
extending throughout the first two years. As indicated in the title, it 
is a course in theoretical mechanics. As such it can be read by the 
non-technical student quite as well as by the prospective engineer. The 
subjects considered are explained very fully, and as a result the author 
has produced a book which is easy to read. A particularly valuable 
feature is the large number of exercises which are given at the end of 
each chapter. It is stated in the preface that the solution of a large 
number of exercises is an important part of the course, and an essential 
for the clear understanding of the theory. This opinion undoubtedly 
will be shared by all who have had experience in teaching the subject. 

The opening chapter takes up the parts of vector analysis that are 
needed for the chapters on kinematics and statics. Pliickers line coor- 
dinates are introduced very neatly by writing the condition that a certain 
vector product should be zero. The properties of a system of localized 
vectors or strokes are also developed. This is a natural thing to do 
because both forces and angular velocities are represented by localized 
vectors, and any theorem regarding a system of localized vectors leads 
at once to a corresponding theorem in kinematics and statics. The four 
following chapters are devoted to kinematics. In Chapter III, page 125, 
it seems that it would have been better to have used «1, and — &1, 
for the two components of a couple of rotations. Although the article 
is headed Couples de rotations, when it is stated that a body S hasa 
constant angular velocity «1, with respect to a system S,, and S, has 
a constant angular velocity 2. with respect to a fixed reference system, 
we can infer only from what follows that c%, and &. are to form a couple. 

Part two contains four chapters on statics which include the graphical 
and analytical determination of the stresses in a framework, and also 
the equilibrium of strings. In § 218 the centroid of a homogeneous 
volume bounded by the three planes of reference and the surface ofa 
sphere whose center is at the origin is determined. It may be noted 
that this result is already known from the last equation in § 209, which 
gives the position of the centroid of a spherical segment of one base. 
The fifth chapter is a continuation of the study of vector analysis. It 
takes up such concepts as div, grad, curl, and the linear vector function. 
The div, grad, and curl are each defined with reference to a set of axes, 
and it is shown later that they are independent of the reference system. 
Although some writers on vector analysis object to this method, it is 
only a question of individual taste. The final chapters treat of work, 
the theory of the potential, the method of virtual velocities, simple 
machines, theory of friction, homogeneity and similitude. 
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There are a number of misprints, but practically all of them are of 
the kind that do not cause any difficulty. Although the figures are good, 
some of them have been reduced so much that it is an effort to read 
the lettering. We should congratulate engineering students who get so 


thorough a training in theoretical mechanics. 
PETER FIELD. 


Projective Geometry with Applications to Engineering. By Peter Field. 
New York, D. Van Nostrand Company, 1923. viii+98 pp. 


The purpose of this text book is concisely stated in the preface: 

“In most American universities the course in descriptive geometry is 
purely a course in drawing. On the other hand, writers on technical 
mechanics frequently assume their readers have a knowledge of the 
fundamental theorems of projective geometry. It therefore seems there 
is a good opportunity for the mathematical departments in the technical 
colleges to offer an elective course in projective geometry which emphasises 
the technical applications.” 

Professor Field’s projective geometry covers the subject matter of 
such a course given by him at the University of Michigan. 

“No attempt has been made to give references. The authors most 
frequently consulted in working up the course were Cremona, Veblen 
and Young, Emch, Féppl, Mohr, Ritter, Culmann, and Koenigs.” 

The reader who is familiar with the works of these authors may 
therefore approximately surmise what a treatise in which the applications 
are emphasised must contain. There are altogether ten chapters, com- 
prising definitions and fundamental forms, plane homology, linkages, the 
complete quadrangle and quadrilateral, the cross ratio, ranges and pencils, 
the hexagon, involution, pole and polar, and the null system. A course 
of this sort in technical colleges and universities with colleges of en- 
gineering is certainly very desirable. One of the most effective methods 
of reinforced concrete arch-construction, for example, depends largely 
upon projective geometry and projective properties of conics. The only 
reason why these methods are not taught is the lack of preparation in 
projective geometry of most of the teachers as well as the students of 
this branch of engineering. 

Professor Field’s attempt to remedy such defects is therefore very 
commendable and his little book will be welcomed by all, teachers and 
students, who seek information along the line of technical applications 
of projective geometry. The null system is of such importance that the 
reviewer should have liked to see a much more extended treatment and 
range of applications of this chapter. 

ARNOLD Emcu 
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NOTES 


The third Pan-American Scientific Congress will be held at Lima 
Peru, beginning December 20, 1924. The officers of Section II (Mathe- 
matical and Physical Sciences) are Vice-Admiral M. M. Carbajal, chair- 
man, and Professor J. R. de la Puente, secretary. The chairman of 
Subsection 1 (Pure Mathematics, Rational Mechanics, Mathematical 
Physics) is Professor E. Villaran. Professors E. V. Huntington, of 
Harvard University, and D. N. Lehmer, of the University of California, 
have been appointed as the official delegates of the American Mathe- 
matical Society to the Congress, and will be in attendance. 

The concluding number of volume 25 of the TRANSACTIONS OF 
THIs Socrety (October, 1923) contains the following papers: Gene- 
ralized limits in general analysis. Second paper, by C. N. Moore: 
The equilong transformations of euclidean space, by B. H. Brown: 
Invariant sets of equations in Riemann space, by P. Franklin; Some 
properties of spherical curves, with applications to the gyroscope, by 
0. D. Kellogg; The greatest and the least variate under general laws 
of error, by E. L. Dodd; The intersection numbers, by O. Veblen; The 
geometry of paths, by O. Veblen and T. Y. Thomas. The opening 
number of volume 26 (January, 1924) contains: An existence theorem 
for the characteristic numbers of a certain boundary value problem, 
by H. T. Davis; A theorem on the factorization of polynomials of a 
certain type, by L. L. Dines; A fundamental class of geodesics on any 
closed surface of genus greater than one, by H. M. Morse; The Hilbert 
integral and Mayer fields for the problem of Mayer in the calculus 
of variations, by G. A. Larew: Normal congruences and quadruply 
infinite systems of curves in space, by J. Douglas; The equivalence of 
certain regular transformations, by L. L. Silverman; Maclaurin expan- 
sion of the interpolation polynomial determined by 2n+1 evenly 
spaced points, by G. Rutledge; On covariants of linear algebras, by 
C. C. MacDuffee: A generalized problem in weighted approximation, 
by D. Jackson. 


The second number of volume 46 of the AMERICAN JOURNAL OF 
Matuematics (April, 1924) contains: Two-dimensional tensor analysis 
without coordinates, by G. Y. Rainich; Fractional operations as applied 
to a class of Volterra integral equations, by H. T. Davis; Represen- 
tation of three-element algebras, by B.A. Bernstein; The Riemann 
adjoints of completely integrable systems of partial differential equations, 
by ©. A. Nelson; Further types of involutorial transformations which 
leave each cubic surface of a web invariant, by V. Snyder. 
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The opening number of volume 25, series 2, of the ANNALS oF 
MATHEMATICS contains: The history of the notations of the calculus, 
by F. Cajori; New applications of a fundamental theorem of substitution 
groups, by G. A. Miller; Geodesic representation between Riemann spaces, 
by H. Levy and A. Bramley; On the residues of figurate numbers, by 
0. E. Glenn; On symmetric forms in n variables, II, by A. Dresden: 
On an infinite system of non-abelian groups of order nm™", by 
W. E. Edington. 


A complete edition, in five volumes, of the works of N. J. Lobatchefsky 
is being prepared under the auspices of the Mathematical Institute of 
Moscow and with the support of the Russian government. It is expected 
that the first volume, which will contain a biography by A. Vassilieff, 
will appear in 1926. 


The Class of Sciences of the Royal Academy of Belgium announces 
the following subjects for prizes to be awarded in 1925: (1) a contri- 
bution to infinitesimal geometry; (2) a contribution to the problem 
of n bodies in Einstein’s theory. Competing memoirs should be presented 
by August 1, 1925. 


The Franklin Institute of Philadelphia has awarded a Franklin 
medal and an honorary certificate of membership to Sir Ernest Ruther- 
ford, Cambridge University. 


The National Academy of Sciences has awarded its Watson medal 
to Professor C. V. L. Charlier, of the University of Lund, and its 
Henry Draper medal to Professor A. S. Eddington, of Cambridge 
University. Professor Eddington will lecture on general relativity at 
the University of California during the first semester of 1924-25, and 
will conduct a seminar on sidereal astronomy. 


Professor Ludwig Bieberbach, of the University of Berlin, has been 
elected a member of the Prussian Academy of Sciences. 


The University of Manchester has conferred its honorary doctorate 
of science on Professor Niels Bohr. 


Professor G. H. Hardy has received an honorary doctorate from the 
University of Birmingham. 


The London Mathematical Society has recently elected the following 
honorary members: L. Bianchi, A. Einstein, J. Hadamard, E. Landau. 
H. Lebesgue, T. Levi-Civita, L. Prandtl, and A. Sommerfeld. 


At the meeting of the International Mathematical Congress held 
during August in Toronto, Professor S. Pincherle, of the University of 
Bologna, was elected president of the International Mathematical Union, 
and Professor J. C. Fields, of the University of Toronto, was elected 
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president of the Congress. A full account of the Congress will appear 
in an early issue of this BULLETIN. 


New York University has conferred the honorary degree of doctor 
of laws on Professor M. I. Pupin, of Columbia University. 


Professor A. B. Coble has been elected a member of the National 
Academy of Sciences. 


Professor 0. Chisini has been appointed professor of projective 
geometry at the University of Cagliari. 


At the University of London, Professor G. B. Jeffery, of King’s College, 
has been appointed to the Astor chair of mathematics at University 
College, and Professor A. E. Joliffe, of Royal Holloway College, has been 
appointed to the university chair of mathematics tenable at King’s 
College. 


Professor 0. W. Richardson, of King’s College, London, has been 
appointed third Yarrow research professor of the Royal Society. 


Mr. J. C. Burkill, director of studies at Trinity Hall and Fitzwilliam 
Hall, Cambridge, has been appointed professor of pure mathematics at 
the University of Leeds. 


The following persons have been admitted as privat docents: Dr. 
P. Finsler, at the University of Cologne; Dr. A. Ostrowski, at the Uni- 
versity of Géttingen; Dr. H. Priifer, at the University of Jena; Dr. 
E. Schénhardt, at the University of Tibingen; Dr. N. Spampinato, at 
the University of Catania. 


Adjunct Professor P. M. Batchelder, of the University of Texas, has 
been appointed acting assistant professor of mathematics at Brown 
University for the academic year 1924-25. 


At the University of California, Assistant Professors B. A. Bernstein 
and Frank Irwin have been promoted to associate professorships, and 
Dr. Sophia H. Levy has been promoted to an assistant professorship of 
mathematics. At the Southern Branch, at Los Angeles, Associate 
Professor G. E. F. Sherwood has been promoted to a full professorship, 
and Dr. P. H. Daus to an assistant professorship. 


At the University of Illinois, Professor H. Blumberg has been granted 
leave of absence for the academic year 1924-25, and Dr. C. C. Camp 
has been promoted to the rank of associate. 


Dr. R. F. Borden, of Brown University, has been appointed assistant 
professor of mathematics at George Washington University, Wash- 
ington, D. C. 


At the University of Cincinnati, Associate Professor C. N. Moore has 
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been promoted to a full professorship and Dr. I. A. Barnett to an assis- 
tant professorship of mathematics. 


At Cornell University, Assistant Professors W. A. Hurwitz and Arthur 
Ranum have been promoted to full professorships. Dr. D. S. Morse 
and Assistant Professor W. L. G. Williams have resigned, to accept 
assistant professorships at Union College and McGill University, re- 
spectively. 


Associate Professors J. W. Bradshaw and T. H. Hildebrandt have 
been promoted to full professorships at the University of Michigan. 


At the University of Missouri, Professor G. E. Wahlin, of the Uni- 
versity of Illinois, has been appointed professsor, Associate Professor 
Louis Ingold has been promoted to a full professorship and has been 
granted leave of absence for the year 1924-25, and Dr. Herman 
Betz, of Yale University, has been appointed assistant professor of 
mathematics. Dr. E. F. Allen has been promoted to an assistant 
professorship. 


Associate Professor C. L. Arnold has been promoted to a full pro- 
fessorship of mathematics at Ohio State University. 


Dr. B. H. Brown and Dr. R. E. Langer have been promoted to assistant 
professorships of mathematics at Dartmouth College. 


Assistant Professor R. W. Burgess, of Brown University, has been 
granted leave of absence for the academic year 1924-25, and has 
accepted a position in the office of the Chief Statistician of the Western 
Electric Company in New York City. 


At the University of Arizona, Associate Professor G. H. Cresse has 
been promoted to a full professorship of mathematics. 


Dr. L. S. Dederick of the United States Naval Academy has been 
appointed professor of mathematics at the University of British Columbia. 


Assistant Professor L. C. Emmons, of Michigan Agricultural College, 
has been promoted to a full professorship of mathematics. 


Associate Professor H. §. Everett has been promoted to a full 
professorship of mathematics and astronomy at Bucknell University. 


Assistant Professor Ernest Flammer has been promoted to an asso- 
ciate professorship of mathematics at Queen’s University, Kingston, 
Ontario. 


Dr. C. A. Garabedian, of Harvard University, has been appointed 
assistant professor of mathematics at Northwestern University. 


President W. A. Granville, of Gettysburg College, has resigned to 
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or 


become educational director of the United States National Life and 
Casualty Company, Chicago. 

Professor W. A. Hamilton, formerly of Beloit College, who has been 
a special lecturer at the University of Wisconsin during the past year, 
has been appointed head of the department of mathematics at Antioch 
College, Yellow Springs, Ohio. 

Dr. Harold Hotelling, of Princeton University, has been appointed 
junior assistant at the Food Research Institute, Stanford University. 

Dr. H. M. Jeffers, of lowa State University, has been appointed assistant 
astronomer at the Lick Observatory. 

Professor S. Lefschetz, who is on leave of absence from the University 
of Kansas, has been appointed visiting professor of mathematics at 
Princeton University for the academic year 1924-25. 


Associate Professor J. J. Luck has been promoted to a full professor- 
ship of mathematics at the University of Virginia. 


Assistant Professor C.C. MacDuffee, of Princeton University, has been 
appointed assistant professor of mathematics at Ohio State University. 


Associate Professor W. D. MacMillan has been promoted to a full 
professorship of astronomy at the University of Chicago. 


Associate Professor I. L. Miller, of South Dakota State College, has 
been promoted to a full professorship of mathematics. 

At the Case School of Applied Science, Assistant Professor J. J. 
Nassau has been promoted to an associate professorship of mathematics 
and astronomy. 

Dr. J. A. Nyswander has been appointed assistant professor of mathe- 
matics at Swarthmore College. 

Assistant Professor E. J. Oglesby, of New York University, has been 
promoted to an associate professorship of mathematics. 

Assistant Professor F. W. Reed, of Ohio University, Athens, Ohio, 
has been promoted to an associate professorship. 

At Worcester Polytechnic Institute, Assistant Professor Harris Rice 
has been promoted to a full professorship. 

Mr. L. V. Robinson, of the University of Virginia, has been appointed 
assistant professor of mathematics and astronomy at Oklahoma City College. 

Assistant Professor R. A. Sheets, of Denison University, has been 
appointed assistant professor of mathematics at Miami University. 

Mr. J. A. Shohat (J. Chokhate), who has held a reading assistantship 
at the University of Chicago during the past year since he came to 
this country from Russia, has been appointed instructor in mathematics 
at the University of Michigan. 
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Assistant Professor W. G. Simon has been promoted to an associate 
professorship of mathematics at Western Reserve University. 

Dr. L. T. E. Thompson has been appointed physicist at the Naval 
Proving Ground, Dahlgren, Va. 

Dr. F. M. Weida, of Iowa State University, has been appointed 
assistant professor of mathematics at Montana State College. 

At the Massachusetts Institute of Technology, Dr. Norbert Wiener 
has been promoted to an assistant professorship of mathematics. 

Associate Professor K. P. Williams has been promoted to a full 
professorship of mathematics at Indiana University. 

Assistant Professor C. 0. Williamson has been promoted to a full 
professorship of applied mathematics at the College of Wooster. 

Dr. Frederick Wood, of the University of Wisconsin, has been ap- 
pointed professor of mathematics at Lake Forest College. 

The following appointments to instructorships are announced: 

University of Florida, Mr. C. G. Phipps; 

University of Missouri, Dr. L. H. MacFarlan; 

New York University, Dr. Constance R. Ballantine; 

Smith College, Miss Bess M. Eversull; 

Wellesley College, Miss Ethel L. Anderton. 

Professor Martin Disteli, of the University of Zurich, died October 25, 
1923, at the age of sixty-three years. 

Professor Claude Guichard, of the Sorbonne, died May 12, 1924, at 
the age of sixty-two years. 

Professor Giacomo Bellacchi, of the Technical School of Florence, 
died February 25, 1924, at the age of eighty-four years. 

Professor Corrado Segre, of the University of Turin, distinguished 
for his work in geometry, died May 18, 1924, at the age of sixty years. 

Professor Charles Godfrey, late headmaster of the Royal Naval 
College, Osborne, died April 4, 1924. 

Sir Asutosh Mookerjee (Mukhopadhyay) formerly vice-chancellor of 
the University of Calcutta and founder-president of the Calcutta 
Mathematical Society, died May 25, 1924, at the age of fifty-nine years. 
He had been a member of the American Mathematical Society since 1900. 

Professor J. E. Hodgson, of West Virginia University, died April 11, 
1924. 

Dr. R. S. Woodward, retired president of the Carnegie Institution, 
died June 29, 1924, at the age of seventy-four years. He had been a 
member of the American Mathematical Society since its foundation, and 
served as president from 1898 to 1900. 
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NEW PUBLICATIONS 


PART I. PURE MATHEMATICS 


AUERBACH (F.). Die Furcht vor der Mathematik und ihre Uberwindung. 
Jena, Fischer, 1924. 

Azat (C.). Le discontinu dans la philosophie et les sciences exactes. 
Paris, Gauthier-Villars, 1923. 6-+ 192 pp. 

Boon (F. C.). A companion to elementary school mathematics. London, 
Longmans, 1924. 302 pp. 

BovuLicanp (C.). Lecons de géométrie vectorielle préliminaire 4 l’etude 
de la théorie d’Einstein. Paris, Vuibert, 1924. 8-+ 356 pp. 

Coun (M.R.). See Perrce (C. S.). 

Dewey (J.). See Perrce (C.S.). 

ENKLAAR (W.). Over de poolfiguren eeniger cirkelstelsels. (Disser- 
tation, Utrecht.) Gedrukt bij de Erven J. J. Tijl te Zwolle, 1923. 
60 pp. 

Fourrey (E.). Procédés originaux et constructions géométriques. 
Paris, Vuibert, 1924. 142 pp. 

Fricke (R.). Lehrbuch der Algebra. Mit Bernutzung von Heinrich 
Webers gleichnamigen Buche, verfasst von R. Fricke. Band 1: Ail- 
gemeine Theorie der algebraischen Gleichungen. Braunschweig, 
Vieweg, 1924. 

GRANVILLE (W. A.) et Smitu (P. F.). Eléments de calcul différentiel 
et intégral. Traduit de l'anglais par A. M. M. Sallin. Paris, Vui- 
bert, 1924. 548 pp. 

Hertz (P.). Ober das Denken und seine Beziehung zur Anschauung. 
Teil 1. Berlin, Springer, 1923. 12+ 168 pp. 

Héxiper (0.). Die mathematische Methode. Logisch erkenntnistheo- 
retische Untersuchungen im Gebiete der Mathematik. Berlin, 
Springer, 1924. 10+ 563 pp. 

Jounson (W.E.). Logic. Part 3: The logical foundations of science. 
Cambridge, University Press, 1924. 36+ 192 pp. 

Konic (H.). See Runee (C.). 

Lemoyne (T.). Les lieux géométriques en mathématiques spéciales. 
Paris, Vuibert, 1923. 146 pp. 

Lennes (N.J.). The teaching of arithmetic. New York, Macmillan, 
1923. 10+ 486 pp. 

LreETZMANN (W.). Trugschliisse. 3te Auflage. (Mathematisch-physi- 
kalische Bibliothek, Band 53.) Leipzig, Teubner, 1923. 

vAN Loo (P. J.). Inleiding tot een afbeeldingsmethode van de stralen- 
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ruimte op de puntenparen van een puntenveld. (Dissertation, 
Utrecht.) Utrecht, Drukkerij Zuidam, 1922. 32 pp. 

D’OcAaGNeE (M.). Cours de géométrie pure et appliquée de l’Ecole Poly- 
technique. Fascicule complémentaire. Paris, Gauthier-Villars, 1924. 

Pascat (E.). Le funzioni ellittiche. 2a edizione. (Manuale Hoepli.) 
Milano, Hoepli, 1924. 

——. Lezioni di caleolo infinitesimale. Parte 2: Calcolo integrale. 
5a edizione, riveduta. Milano, Hoepli. 1924. 8 + 330 pp. 

Patrizi (M.L.). Anciens problémes, solutions nouvelles. Récanati, 
Simboli, 1923. 

Peano (G.). Interlingua. Torino, Cavoretto, 1923. 16 pp. 

Perrce (C.8.). Chance, love and logic; philosophical essays. Edited 
with an introduction by M. R. Cohn with a supplementary essay 
on the pragmatism of Peirce by John Dewey. London, Kegan Paul, 
and New York, Harcourt, Brace and Company, 1923. 33+318 pp. 

Picone (M.). Lezioni di analisi infinitesimale. Volume 1: La deriva- 
zione e l’integrazione. Parte 2. Catania, pubblicazione del “Cir- 
colo Matematico,” 1924. 391 pp. 

PREDHUMEAU (—.). Cours de calcul graphique des surfaces. Paris, 
Ecole Spéciale des Travaux Publiques, 1923. 131 pp. 

RunGeE (C.) und K6énie (H.). Vorlesungen iiber numerisches Rechnen. 
Berlin, Springer, 1924. 8+ 372 pp. 

Saturn (A. M.M.). See GRANVILLE (W. A.). 

ScHLESINGER (L.). Automorphe Funktionen. Berlin, de Gruyter, 1924. 
10 + 205 pp. 

Scuouten (J. A.). Der Ricci-Kalkiil. Eine Einfiihrung in die neueren 
Methoden und Probleme der mehrdimensionalen Differential- 
geometrie. Berlin, Springer, 1924. 10+ 312 pp. 

Sierpinski (W.). Analysis. 2d edition. Volume 1, part 1: Real and 
complex numbers. (In Polish.) Warsaw, 1923. 5-+ 225 pp. 
——. Theory of assemblages. 2d edition. Part 1: Transfinite numbers. 

(In Polish.) Warsaw, 1923. 4-198 pp. 

Smith (P. F.). See GRANVILLE (W. A.). 

VasILieFF (A. V.). The integer. Historical sketch. (In Russian). 
Petrograd, 1922. 14+ 272 pp. 

VeGca (A.). Cyclographisch onderzoek van oppervlakken. (Dissertation, 
Amsterdam.) Berlin, Ebering, 1923. 158 pp. 

Weser (H.). See Fricke (R.). 

Youne (J. W.A.). The teaching of mathematics in the elementary and 
the secondary school. New edition with supplement “Concerning 
developments 1913-1923.” New York and London, Longmans, 
1924. 18+ 451 pp. $2.20 
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Auuiata (G.). Das Wesen der Kraft und die Einheit des Weltbildes. 
Leipzig, Hillmann, 1922. 16 pp. 

. Negative Elektronen! (Kritische Betrachtung.) Leipzig, Hill- 
mann, 1922. 16 pp. 

ApPELL (P.) et DauTHEVILLE (S.). Précis de mécanique rationnelle_ 
3e édition revue et augmentée. Paris, Gauthier-Villars, 1923. 742 pp. 

Bartow (C. W.C.) and Bryan (G.H.). Elementary mathematical astro- 
nomy. 3d edition. London, University Tutorial Press, 1923. 

Baver (H.). Mathematische Einfiihrung in die Gravitationstheorie 
Einsteins nebst einer exakten Darstellung ihrer wichtigsten Er- 
gebnisse. Leipzig und Wien, Deuticke, 1922. 8+ 97 pp. 

BAUSCHINGER (J.). See ENCYKLOPADIE. 

Bavinxk (B.). L’atomistique. Traduit par M. André Juliard. Préface 
de M. Boll. Paris, Gauthier-Villars, 1924. 42 pp. 

Bexepicks (C.). Raum und Zeit. Eines Experimentalphysikers Auf- 
fassung von diesen Begriffen und von deren Umanderung. Ziirich, 
Fiissli, 1923. 52 pp. 

Bercer (A.). Die Prinzipien der Lebensversicherungstechnik. Teil 1: 
Die Versicherung der normalen Risken. Berlin, Springer, 1923. 

BiceLtow (F.H.). Atmospheric physics as applied to a reformed me- 
teorology. Vienna, 1923. 61 pp. 

BiGouRDAN (C.). Le jour et ses divisions. Paris, Gauthier -Villars, 
1923. 118 pp. 

Bour (N.). On the application of the atomic theory to atomic struc- 
ture. Part 1. (Supplement to ProcEEDINGS oF THE CAMBRIDGE 
PHILOSOPHICAL Society.) Cambridge, University Press, 1924. 42 pp. 

Boi. (M.). See Bavink (C. B.). 

30SLER (J.). L’évolution des étoiles. Paris, Les Presses Universitaires 
de France, 1923. 

Born (M.). See ENcYKLOPADIE. 

Boutrakic (A.). Précis de physique, d’aprés les théories modernes. 
Paris, Doin, 1924. 898 pp. 

Brace (W.H.) and Brace (W.L.). X rays and crystal structure. 
4th edition revised and enlarged. London, Bell, 1924. 

Brace (W.L.). See Brace (W. H.). 

Brown (E. W.), Bumsreap (H. A.), GreGory (H.E.), Jonnston (J.), 
SCHLESINGER (F.), and Wooprurr (L.L.). The development of 
the sciences. Lectures delivered at Yale University. Oxford, 
University Press, 1923. 14+ 327 pp. 

Bryan (G.H.). See Bartow (C. W.C.). 

Bicu er (R.). Die Gesetze der Natur. Aachen, Aachener Verlags- 
und Druckereigesellschaft, 1923. 32 pp. 
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or 


BumstTEaD (H.A.). See Brown (E. W.). 

CAMPBELL (L.L.). Galvanomagnetic and thermomagnetic effects: the 
Hall and allied phenomena. London, Longmans, 1923. 12+ 311 pp. 

CHALLEAT (J.) et THomas (A.). Mécanique des affits. ‘Tome II. 
2e édition. Paris, Doin, 1924. 352 pp. 

Crayton (A. E.). An introduction to the study of alternating currents. 
London, Longmans, 1923. 6+ 296 pp. 

CORNELISSEN (C.). Les hallucinations des Einsteiniens ou les erreurs 
de méthode chez les physiciens-mathématiciens. Paris, Librairie 
Scientifique A. Blanchard, 1923. 14+ 86 pp. 

DAUTHEVILLE (S.). See APPELL (P.). 

DryspDALe (C. V.), FerGuson (A.), Geppes (A. E. M.), Gipson (A. H.), 
GoopwIin (G.), Hunt (F. R. W.), Lames (H.), (A.G.M) and 
Taytor (G.I). The mechanical properties of fluids. London, 
Blackie, 1923. 15+ 362 pp. 

Dusroca (M.). Les idées et les caleuls de M. Einstein contre la 
science physique. Paris, Gauthier-Villars, 1923. 

Disine (K.). Einstein’s Relativitatslehre. Allgemein verstandlich dar- 
gestellt. Leipzig, Janecke, 1922. 63 pp. 

ENCYKLOPADIE DER MATHEMATISCHEN WISSENSCHAFTEN, Band V 3, 
Heft 4: M. Born, Atomtheorie des festen Zustandes (Dynamik der 
Kristallgitter). Leipzig, Teubner, 1923. 

EXCYKLOPADIE DER MATHEMATISCHEN WISSENSCHAFTEN, Band VI 
2 A, Heft 8: S. Oppenheim. Kometen; K. Hoffmeister, Beziehungen 
zwischen Kometen und Sternschnuppen; H. Samter, Spezielle 
Stérungen der Planeten und Kometen, numerische Behandlung 
besonderer Falle des Dreikérperproblems, mehrfache Fixsternsysteme ; 
J. Bauschinger, Rotation der Himmelskérper, Prazession und Nutation 
der starren Erde; F.Hayn, Die Rotation des Mondes. Leipzig, 
Teubner, 1923. 

Farapay Socrery. The electronic theory of valency. A general dis- 
cussion held by the Faraday Society. London, The Faraday Society, 
1923. 160pp. 

FrerGuson (A.). See Dryspa.e (C. V.). 

ForersTER (E.). Politische Arithmetik. (Zinseszinsen-, Renten- und 
Anleiherechnung.) (Sammlung Géschen.) Berlin, de Gruyter, 1924. 
155 pp. 

FREYBERGER (H.). Zentral-Perspektive. Neubearbeitet von J. Vonder- 
linn. 2te verbesserte Auflage. (Sammlung Géschen.) Berlin, de 
Gruyter, 1923. 148 pp. 

GreppEs (A. E.M.). See DryspaLe (C. V.). 

Grpzs (R. W. M.). Engineering mathematics. Part 1. London, Blackie, 
1923. 64 pp. 

Gipson (A. H.). See Dryspare (CU. V.). 
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Goopwin (G.). See Dryspate (C. V.). 

GraFr (0.). Der Aufbau des Mértels im Beton. Betrag zur Voraus- 
bestimmung des Betons auf der Baustelle. Berlin, Springer, 1923. 
4-+ 64 pp. 

Grecory (H.E.). See Brown (E. W.). 

GrimsenHt (E.). Lehrbuch der Physik. Band1. 6te vermehrte und 
verbesserte Auflage. Leipzig, Teubner, 1923. 12-4 1142 pp. 
vAN Haarren (M.). Foutieve methoden van rentabiliteitsberekening 

bij het middelbaar handelsonderwijs. Groningen, Noordhoff, 1923. 

Haas (A.). Einfiihrung in die theoretische Physik mit besonderer 
Beriicksichtigung ihrer modernen Probleme. Band1. 4te villig 
umgearbeitete und vermehrte Auflage. Berlin, de Gruyter, 1923. 

pE Haas (W.J.). Grepen uit de ontwikkelingsgang der atoomtheorie. 
Groningen, Noordhoff, 1922. 20 pp. 

Hayn (F.). See ENCYKLOPADIE. 

Heck (C. H.). Mechanics of machinery. New York, McGraw-Hill, 1923. 
8 + 508 pp. 

Hicks (W.M.). A treatise on the analysis of spectra. Cambridge, 
University Press, 1922. 326 pp. 

HorrMEISTER (K.). See ENCYKLOPADIE. 

Hoot (G. A.) and Kinne (W.S.). Stresses in framed structures. London 
and New York, MeGraw-Hill, 1923. 14+ 620 pp. 

Houstoun (R.A.). A treatise on light. New edition. New York, 
Longmans, 1924. 12+ 486 pp. $4.00 

Hunt (F. R. W.). See Dryspa.e (C. V.). 

JoHNSTON (J.). See Brown (E. W.). 

JuLiarD (A.). See BAavink (B.). 

Kent (F.C.). Mathematical principles of finance. London and New 
York, McGraw-Hill, 1924. 11-+253 pp. 

KrinneE (W.S.). See Hoon (G. A.). 

Lame (H.). See Dryspate (C. V.). 

LecuNer (A.). Encyklopadie der Mechanik. Wien, Seidel, 1923. 352pp. 

Leeps (C. C.). Principles of engineering drawing for technical students. 
2d edition, revised and enlarged. New Vork, Van Nostrand, 1923. 
10+ 188 pp. 

Linker (P. B. A.). Elektrotechnische Messkunde. 3te véllig umge- 
arbeitete erweiterte Auflage. Berlin, Springer, 1923. 12+ 572 pp. 

LOTTERMOSER (A.). See Perrin (J.) 

MaGer (H.). Une science nouvelle: la science des vibrations atomiques. 
Paris, Dunod, 1923. 8vo. 37-+151 pp. 

Mavueuin (C.). La structure des cristaux déterminée au moyen des 
rayons X. Paris, Les Presses Universitaires de France, 1924. 281 pp. 

Mencés (C. L. R. E.). Nouvelles vues faraday-maxwelliennes. Paris, 
Gauthier-Villars, 1924. 93 pp. 


1924. ] NEW PUBLICATIONS 57 


(A. G. M.). See Dryspate (C. V.). 

Mokrzycki (G.). Relativisierung des Kausalitatsbegriffes. Leipzig, 
Hillmann, 1922. 30 pp. 

Monte. (P.). Statique et résistance des matériaux. Paris, Gauthier- 
Villars, 1924. 6-+4-274 pp. 

NEWSHOLME (A.). The elements of vital statistics. New edition, 
rewritten. London, Allen and Unwin, 1923. 623 pp. 

OpPENHEIM (S.). See ENCYKLOPADIE. 

PreRRIN (J.). Die Atome. Deutsch herausgegeben von A. Lottermoser. 
3te erweiterte Auflage. Dresden und Leipzig, Steinkopff, 1923. 
20+ 213 pp. 

SamTer (H.). See ENcYKLOPADIE. 

Scuirkovsky (P. P.). The gyroscope. London, Spon, 1924. 234 pp. 

ScHLESINGER (F.). See Brown (E. W.). 

DE SpARRE (—.). Sur le calcul des grands trajectoires des projectiles. 
Paris, Gauthier-Villars, 1923. 

SrarRuinG (S.G.). Electricity and magnetism for advanced students. 
4th edition. New York, Longmans, 1924. 8+ 612 pp. 

Srrauss (W.). Grundlagen mechanischer Isomerie. Geneva, Imprimerie 
Atar, 1923. 83 pp. 

Taytor (G.L.). See Dryspaue (C. V.). 

Tuomas (A.). See 

VeERCELLI (F.). Nuovi esperimenti di previsioni meterologiche. Roma, U. 
Pinaro, 1923. 78 pp. 

ViGNERON (H.). Précis de chimie physique. Paris, Masson, 1924. 420 pp. 

Vinct (F.). Statistica metodologica. Padova, La Litotipo, Editrice 
Universitaria, 1924. 

VONDERLINN (J.). See FREYBERGER (H.). 

VovurILLEMIN (G.). Qu’est-ce, au fond, que la science? Paris, Albin 
Michel, 1924. 250 pp. 

Watson (F.R.). Acoustics of buildings including acoustics of audi- 
toriums and soundproofing of rooms. New York, Wiley, 1923. 
8+ 155 pp. 

WERKMEISTER (P.). Vermessungskunde. Band.1, 3te Auflage, Band 2, 
2te Auflage. (Sammlung Géschen.) Berlin, de Gruyter, 1923. 
Wien (W.). Kanalstrahlen. 2te teilweise umgearbeitete Auflage. Leip- 

zig, Akademische Verlagsgesellschaft, 1923. 

Wirtia (H.). Die Geltung der Relativitatstheorie. Eine Untersuchung 
ihrer naturwissenschaftlichen Bedeutung. Berlin, Hermann Sack, 
1921. 67 pp. 

Wooprurr (L.L.). See Brown (E. W.). 
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THIRTY-THIRD ANNUAL LIST OF PAPERS 


READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLACES OF PUBLICATION 


Apams, C.R. The general theory of a class of linear partial q-difference 
equations. Read Dec. 28, 1923. Transactions of this Society, 
vol. 26, No. 3, pp. 283-312; July, 1924. 

Auten, E. F. The jacobian of a contact transformation. Read (South- 
western Section) Dec. 1, 1923. This Bulletin, vol. 30, No. 7, pp. 
335-338; July, 1924. 

ARCHIBALD, R. ©. Mathematicians and music. Read Sept. 6, 1923. 
American Mathematical Monthly, vol. 31, No. 1, pp. 1-25; Jan., 1924. 


Barnett, J. A. On a class of invariant subgroups of the conformal 
and projective groups is function space. Read April 14, 1923. 
American Journal of Mathematics, vol. 46, No. 8, pp. 201-214; 
July, 1924. 

Bateman, H. On some solutions of Laplace’s equation. Read (San 
Francisco Section) Sept. 18, 1923. Messenger of Mathematics, 
vol. 54, No. 2, pp. 28-32; June, 1924. 

Bett E. T. A class of numbers connected with partitions. Read (San 
Francisco Section) April 7, 1923. American Journal of Mathematics, 
vol. 45, No. 2, pp. 73-82; April, 1923. 

On class number relations for bilinear forms in four variables. 
Read (San Francisco Section) April 7, 1923. American Journal 
of Mathematics, vol. 45, No. 4, pp. 255-258; Oct., 1923. 

Umbral symmetric functions and algebraic analogues of the Ber- 
noullian and Eulerian numbers and functions. Read (San Francisco 
Section) Oct. 21, 1922. Mathematische Zeitschrift, vol. 19, Nos. 1-2, 
pp. 35-49; Dec., 1923. 

Note on total representations as sums of squares. Read (San 
Francisco Section) April 7, 1923. American Mathematical Monthly, 
vol 30, No. 8, pp. 441-442; Dec., 1923. 

Extended class number relations. Read Dec. 27, 1922. Giornale 
di Matematiche, vol. 61, pp. 213-228; July-Dec., 1923. 

The numbers of representations of integers in certain forms 
ax?+ by?+ cz. Read (San Francisco Section) April 5, 1924. 
American Mathematical Monthly, vol. 31, No. 3, pp. 126-131; 
March, 1924. 


On certain quinary quadratic forms. Read (San Francisco Section) 
Dec. 22, 1923. This Bulletin, vol. 30, Nos. 3-4, pp. 127-130; 
March-April, 1924. 

The class number relations implicit in the Disquisitiones Arith- 
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Wipper, D. V. A general mean-value theorem. Read May 3, 1924. 
Transactions of this Society, vol. 26, No. 3, pp. 385-394; July, 1924. 
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